DIFFERENTIAL FORMS ON WASSERSTEIN SPACE AND 
INFINITE-DIMENSIONAL HAMILTONIAN SYSTEMS 

WILFRID GANGBO, HWA KIL KIM, AND TOMMASO PACINI 

(<— ^ ' Abstract. Let Ai denote the space of probability measures on R^ endowed with the 

ps| I Wasserstein metric. A differential calculus for a certain class of absolutely continuous curves 

in A4 was introduced in ^ . In this paper we develop a calculus for the corresponding class of 
!—{ I differential forms on M. In particular we prove an analogue of Green's theorem for 1-forms 

and show that the corresponding first cohomology group, in the sense of de Rham, vanishes. 

For D = 2d we then define a symplectic distribution on A4 in terms of this calculus, thus 

obtaining a rigorous framework for the notion of Hamiltonian systems as introduced in ^ . 
_ Throughout the paper we emphasize the geometric viewpoint and the role played by certain 

'~j . diffeomorphism groups of M^ . 
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1. Introduction 

Historically speaking, the main goal of Symplectic Geometry has been to provide the 

mathematical formalism and the tools to define and study the most fundamental class of 

1/^ ' equations within classical Mechanics, Hamiltonian ODEs. Lie groups and group actions 

^ ■ provide a key ingredient, in particular to describe the symmetries of the equations and to 

find the corresponding preserved quantities. 

As the range of physical examples of interest expanded to encompass continuous media, 
(^ ■ fields, etc., there arose the question of reaching an analogous theory for PDEs. It has 

OO ! long been understood that many PDEs should admit a reformulation as infinite- dimensional 

Hamiltonian systems. A deep early example of this is the work of Born-Infeld [9j, [10] and 
Pauli [4JJ, who started from a Hamiltonian formulation of Maxwell's equations to develop 
^ . a quantum field theory in which the commutator of operators is analogous to the Poisson 

H [ brackets used in the classical theory. Further examples include the wave and Klein-Gordon 

equations (cf. e.g. [T5], [32]), the relativistic and non-relativistic Maxwell- Vlasov equations 
[8j, y^, [33], and the Euler equations for incompressible fluids [[]. 

In each case it is necessary to define an appropriate phase space, build a symplectic or 
Poisson structure on it, find an appropriate energy functional, then show that the PDE coin- 
cides with the corresponding Hamiltonian flow. For various reasons, however, the results are 
often more formal than rigorous. In particular, existence and uniqueness theorems for PDEs 
require a good notion of weak solutions which need to be incorporated into the configuration 
and phase spaces; the geometric structure of these spaces needs to be carefully worked out; 
the functionals need the appropriate degree of regularity, etc. The necessary techniques can 
become quite complicated and ad hoc. 

The purpose of this paper is to provide the basis for a new framework for defining and 
studying Hamiltonian PDEs. The configuration space we rely on is the Wasserstein space 
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7VI of non- negative Borel measures on M.^ with total mass 1 and finite second moment. Over 
the past decade it has become clear that Ai provides a very useful space of weak solutions 
for those PDEs in which total mass is preserved. One of its main virtues is that it provides 
a unified theory for studying these equations. In particular, the foundation of the theory 
of Wasserstein spaces comes from Optimal Transport and Calculus of Variations, and these 
provide a toolbox which can be expected to be uniformly useful throughout the theory. 
Working in A4 also allows for extremely singular initial data, providing a bridge between 
PDEs and ODEs when the initial data is a Dirac measure. 

The main geometric structure on A4 is that of a metric space. The geometric and analytic 
features of this structure have been intensively studied, cf. e.g. [5], [12], [I3], [3l], [ID]. In 
particular the work [5] has developed a theory of gradient flows on metric spaces. In this 
work the technical basis for the notion of weak solutions to a flow on Ai is provided by the 
theory of 2-ahsolutely continuous curves. In particular, [5] develops a differential calculus 
for this class of curves including a notion of "tangent space" for each fi E A4. Applied to 
Ad, this allows for a rigorous reformulation of many standard PDEs as gradient flows on 
Ai. Overall, this viewpoint has led to important new insights and results, cf. e.g. [2], [5], 
[T3] . [23J, [40]. Topics such as geodesies, curvature and connections on A^ have also received 
much attention, cf. |1], [2H], [29], [13], [B]. 

In the case D = 2d, recent work [3] indicates that other classes of PDEs can be viewed 
as Hamiltonian flows on A1. Developing this idea requires however a rigorous symplectic 
formalism for A1, adapted to the viewpoint of [5]. Our paper achieves two main goals. The 
first is to develop a general theory of differential forms on 7VI. We present this in Sections H] 
and [5l This calculus should be thought of as dual to the calculus of absolutely continuous 
curves. Our main result here. Theorem 15.321 is an analogue of Green's theorem for 1-forms 
and leads to a proof that, in a specific sense, every closed 1-form on A^ is exact. The second 
goal is to show that there exists a natural symplectic and Hamiltonian formalism for A^ 
which is compatible with this calculus of curves and forms. The appropriate notions are 
defined and studied in Sections [6] and [71 

Given any mathematical construction, it is a fair question if it can be considered "the 
most natural" of its kind. It is well known for example that cotangent bundles admit a 
"canonical" symplectic structure. It is an important fact, discussed in Section [TJ that on 
a non-technical level our symplectic formalism turns out to be formally equivalent to the 
Poisson structure considered in [33j, cf. also [24j and [28]. From the geometric point of view 
it is clear that the structure in [33] is indeed an extremely natural choice. The choice of 
A^ as a configuration space is also both natural and classical. The difference between our 
paper and the previous literature appears precisely on the technical level, starting with the 
choice of geometric structure on A4. Specifically, whereas previous work tends to rely on 
various adaptations of differential geometric techniques, we choose the methods of Optimal 
Transport. The technical effort involved is justified by the final result: while previous studies 
are generally forced to restrict to smooth measures and functionals, our methods allow us 
to present a uniform theory which includes all singular measures and assumes very little 
regularity on the functionals. Sections 15.21 through 15.41 are an example of the technicalities 
this entails. Section [STT] provides instead an example of the simplifications which occur when 
one assumes a higher degree of regularity. 

By analogy with the case of gradient flows we expect that our framework and results will 
provide new impulse and direction to the development of the theory of Hamiltonian PDEs. 
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In particular, previous work and other work in progress inspired by these results lead to 
existence results for singular initial data [3], existence results for Hamiltonians satisfying 
weak regularity conditions [25], and to the development of a weak KAM theory for the non- 
linear Vlasov equation [20]. It is to be expected that in the process of these developments 
our regularity assumptions will be even further relaxed so as to broaden the range of ap- 
plications. We likewise expect that the geometric ideas underlying Symplectic Geometry 
and Geometric Mechanics will continue to play an important role in the development of the 
Wasserstein theory of Hamiltonian systems on M.. For example, in a very rough sense the 
relationship between our methods and those implicit in [33] can be thought of as analogous 
to the relationship between [18] and [7j . A connection between the choice of using Lie groups 
(as in [18] and [7]) or the space of measures as configuration spaces is provided by the process 
of symplectic reduction, cf. [31], [32] . 

It is an interesting question to what extent our results can be generalized to spaces of 
probability measures on other manifolds M. Regarding this issue, the situation is as follows. 
Many of the analjd;ic foundations of our paper are provided by the work [5], which is based 
on the choice M := M^. In theory many results of [5] should be extendible to general 
Riemannian manifolds, but at present such an extension does not exist. Assuming that this 
extension will be obtained, we have written our paper in such a way as to make it clear 
how one might then try to extend our own results. This partly explains our emphasis on 
the geometric ideas and intuition underpinning our analytic definitions and results: exactly 
the same ideas would continue to hold for general manifolds M. Section 15.61 discusses how 
our results on cohomology depend on the choice M := R^. The situation regarding the 
symplectic structure is similar: one should expect most results to continue to hold for general 
symplectic manifolds M. 

The above considerations make it worthwhile to stress the geometric viewpoint through- 
out this paper, with particular attention to the role played by certain group actions. It is 
important to emphasize, however, that we never try to use any form of infinite-dimensional 
geometry to prove our results. The reason behind this is that the various existing rigor- 
ous formulations of infinite-dimensional manifolds and Lie groups do not seem to be easily 
adaptable to our needs, cf. Section [33] for details. The typical approach adopted throughout 
our paper is thus as follows: (i) use geometric intuition to guide us towards specific choices 
of rigorous definitions, within the framework of [5j; (ii) prove theorems using the methods 
of |5] and Monge-Kantorovich theory; (iii) provide informal discussions of the geometric 
consequences of our results. 

In recent years Wasserstein spaces have also been very useful in the field of Geometric 
Inequalities, cf. e.g. [1], [IE], [17], [30]. Most recently, the theory of Wasserstein spaces has 
started producing results in Metric and Riemannian Geometry, cf. e.g. [29], p5], [13], [44]. 
Thus there exist at least three distinct communities which may be interested in these spaces: 
people working in Analysis/PDEs/Calculus of Variations, people in Geometrical Mechanics, 
people in Geometry. Concerning the exposition of our results, we have tried to take this 
into account in various ways: (i) by incorporating into the presentation an abundance of 
background material; (ii) by emphasizing the general geometric setting behind many of our 
constructions; (iii) by sometimes avoiding maximum generality in the results themselves. As 
much as possible we have also tried to keep the background material and the purely formal 
arguments separate from the main body of the article via a careful subdivision into sections 
and an appendix. 
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We now briefly summarize the contents of each section. Section [2] contains a brief introduc- 
tion to the topological and different iable structure (in the weak sense of |5]) of A1. Likewise, 
Appendix [A] reviews various notions from Differential Geometry including Lie derivatives, 
differential forms. Lie groups and group actions. The material in both is completely stan- 
dard, but may still be useful to some readers. Section [3] provides a bridge between these two 
parts by revisiting the differentiable structure of Ad in terms of group actions. Although 
this point of view is maybe implicit in [5J, it seems worthwhile to emphasize it. On a purely 
formal level, it leads to the conclusion that Ai should roughly be thought of as a stratified 
rather than a smooth manifold, see Section [3^ It also relates the sets M^ G Ai <Z (C^)*. 
The first inclusion, based on Dirac measures, shows that the theory on Ai specializes by 
restriction to the standard theory on M^: this should be thought of as a fundamental test in 
this field, to be satisfied by any new theory on A^. The second inclusion provides background 
for relating the constructions of Section 16.21 to the work [33] . Overall, Section [3] is perhaps 
more intuitive than rigorous; however it does seem to offer a useful point of view on A^, 
providing intuition for the developments in the following sections. Section H] defines the basic 
objects of study for a calculus on A4, namely differential forms, push- forward operations and 
an exterior differential operator. It also introduces the more general notion of pseudo forms. 
Pseudo forms are closely related to the group action: this is discussed in Section l473l Pseudo 
forms reappear in Section [5] as the main object of study, mainly because it seems both more 
natural and easier to control their regularity. The main result of this section is an analogue 
of Green's theorem for certain annuli in A^, Theorem 15.321 Stating and proving this result 
requires a good understanding of the differentiability and integrability properties of pseudo 
1-forms. We achieve this in Sections 15.21 and 15.31 Our main application of Theorem 15.321 is 
Corollary 15.341 which shows that the 1-form defined by any closed regular pseudo 1-form on 
Ai. is exact. Section [52] discusses the cohomological consequences of this result. In Section 
E] we move on towards Symplectic Geometry, specializing to the case D = 2d. The main 
material is in Section 16. 2t for each fi E Ai we introduce a particular subspace of the tan- 
gent space T^Ai and show that it carries a natural symplectic structure. We also study the 
geometric properties of this symplectic distribution and define the notion of Hamiltonian 
systems on A1, thus providing a firm basis to the notion already introduced in p]. For- 
mally speaking, this distribution of subspaces is integrable and the above defines a Poisson 
structure on Ai. The existence of a Poisson structure on (C^)* had already been noticed 
in |33]: their construction is a formal infinite-dimensional analogue of Lie's construction of 
a canonical Poisson structure on the dual of any finite-dimensional Lie algebra. We review 
this construction in Section [7] and show that the corresponding 2-form restricts to ours on 
A^. In this sense our construction is formally equivalent to the Kirillov-Kostant-Souriau 
construction of a symplectic structure on the coadjoint orbits of the dual Lie algebra. 

2. The topology on M and a differential calculus of curves 
Let A\ denote the space of Borel probability measures on M.^ with bounded second moment, 

The goal of this section is to show that Al has a natural metric structure and to introduce 
a differential calculus due to [5] for a certain class of curves in A1. We refer to [5] and [15] 
for further details. 
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2.1. The space of distributions. Let C^ denote the space of compactly-supported smooth 
functions on MP . Recall that it admits the structure of a complete locally convex Hausdorff 
topological vector space, cf. e.g. |42j Section 6.2. Let (C^)* denote the topological dual of 
C^, i.e. the vector space of continuous linear maps C^ -^ M. We endow (C^)* with the 
weak-* topology, defined as the coarsest topology such that, for each / G C^, the induced 
evaluation maps 

(cr)*-M, <p^{<pj) 

are continuous. In terms of sequences this implies that, V/ G C^, 

0„^0^ (0„,/)-^ (0,/)- 

Then {C^)* is a locally convex Hausdorff topological vector space, cf. [42] Section 6.16. As 
such it has a natural differentiable structure. 

The following fact may provide a useful context for the material of Section [221 We denote 
by V the set of all Borel probability measures on R^. A function / on R^ is said to be of 
p-growth (for some p > 0) if there exist constants A, B > such that |/(a;)| < A + B\x\^. 
Let Cb{M.^) denote the set of continuous functions with 0-growth, i.e. the space of bounded 
continuous functions. As above we endow (Cb(M'^))* with its natural weak-* topology, de- 
fined using test functions in (^^(R^): this is also known as the narrow topology. Since V is 
contained in both (Cfc(R^))* and (C^)*, it inherits two natural topologies. It is well known, 
cf. [S] Remarks 5.1.1 and 5.1.6, that the corresponding two notions of convergence of se- 
quences coincide, but that the stronger topology induced from ((^^(R^))* is more interesting 
in that it is metrizable. 

2.2. The topology on A4. Let C2(R'^) denote the set of continuous functions with 2- 
growth, as in Section \2A\ We endow (C2(R^))* with its natural weak-* topology, defined 
using test functions in C2(R'^). As in Section [2m A4 is contained in both (C2(R'^))* and 
(C^)*. We will endow M with the topology induced from (C2(R^))*. Notice that M 
is a convex affine subset of (C2(R^))*. In particular it is contractible, so for /c > 1 all its 
homology groups H^ and cohomology groups H^, defined topologically, vanish. As in Section 
12.11 it turns out that this topology is metrizable. A compatible metric can be defined as 
follows. 

Definition 2.1. Let /i, u E j\4. Consider 

1/2 

(2.1) W2{fi,iy):={ inf / \x-y\''d^{x,y) 



Here, r(yU, i/) denotes the set of Borel measures 7 on R^ x R^ which have fi and z/ as 
marginals, i.e. satisfying '/r^(7) = /i and vr|^(7) = u where tt-^ and vr^ denote the standard 
projections R^ x R^ ^ R^. 

Equation 12. II defines a distance on A1. It is known that the infimum in the right hand side 
of Equation 12. II is always achieved. We will denote by To{fJ^, v) the set of 7 which minimize 
this expression. 

It can be shown that {M., W2) is a separable complete metric space, cf. e.g. [5] Proposition 
7.1.5. It is an important result from Monge-Kantorovich theory that 

(2.2) iy|(^, z/)= sup 1/ udn+ vdv: u{x) + v{y) < \x - y\^ Vx,2/GR^j. 
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Recall that /i is absolutely continuous with respect to Lebesgue measure C^, written /i << 
C^, if it is of the form /i = pC^ for some function p G L^(R^). In this case for any u E A4 
there exists a unique map T : M.^ -^ M.^ such that T^p = v and 

(2.3) Wl{p,v)= \ \x-T[x)'(^dp[x), 

cf. e.g. [5] or [l9]. One refers to T as the optimal map that pushes p forward to u. 

Example 2.2. Given x G M^, let 6x denote the corresponding Dirac measure on M^. 
Consider the set of such measures: this is a closed subset of Ai isometric to M'^. More 
generally, let a^ (i = 1, . . . ,n) be a fixed collection of distinct positive numbers such that 
^Oj = 1. Then the set of measures of the form X] '^j'^a;* constitutes a closed subset of Ai, 
homeomorphic to M"^. 

If Oj = 1/n then the set of measures of the form p = '^{l/n) 5^^ can be identified with 
j^raD quotiented by the set of permutations of n letters. This space is not a manifold in the 
usual sense; in the simplest case D = 1 and n = 2, it is homeomorphic to a closed half plane, 
which is a manifold with boundary. 

Example 2.3. The set of all absolutely continuous measures is dense in M.. The set of all 

discrete measures, as in Example 12.21 is also dense in ^A. Since these two sets are disjoint, 
neither is open nor closed in M.. 

2.3. Tangent spaces and the divergence operator. Let X^ denote the space of compactly- 
supported smooth vector fields on M.^ . Set VC^ := {V/ : / G C^} C X^. For p e M let 
L'^ip) denote the set of Borel maps X : M.^ — ^ M.^ such that ||X||^ := J^^ \X\'^dp is finite. 
Recall that L'^{p) is a Hilbert space with the inner product 



(2.4) G,,{X,Y):= [ {X,Y)dp. 

Jro 



Remark 2.4. li p = pC^ for some p : M'^ — >■ (0, cx)) such that J pdx = 1 then the natural 
map Xc —>■ L'^ip) is injective. But in general it is not: for example if p is the Dirac mass 
at X then two vector fields X, Y will be identified as soon as X{x) = Y{x). However, the 
image of this map is always dense in L'^{p). 

In [5] Section 8.4, a "tangent space" is defined for each p E Ai a.s follows. 

Definition 2.5. Given p e M, let T^M denote the closure of VC^ in L'^{p). We call it 
the tangent space of Ai at p. The tangent bundle TJv[ is defined as the disjoint union of all 

Definition 2.6. Given /x G TW we define the divergence operator 

div, : X, ^ {C^)\ {div,{X), f):=- I df{X) dp. 



Notice that the divergence operator is linear and that {div^{X), f) < ||V/||^||X||^. This 
proves that the operator diVfj, extends to L'^{p) by continuity; we will continue to use the 
same notation for the extended operator, so that KeY{div^) is now a closed subspace of L'^{p). 
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It follows from [5] Lemma 8.4.2 that, given any fi G Ai, there is an orthogonal decompo- 
sition 

(2.5) L\fi) = VC^'" © KeridiVf,). 



We will denote by vr^ : L (/i) -^ VC^ the corresponding projection. Notice that each 
tangent space has a natural Hilbert space structure G^, obtained by restriction of G^ to 



c 



Remark 2.7. Decomposition [275] shows that T^^Ai can also be identified with the quotient 
space L^(/i)/Ker((iit>^): the map vr^ provides a Hilbert space isomorphism between these two 
spaces. 

Example 2.8. Suppose that xi,--- , x„ are points in M.^ and /x = J27=ii^/''^) ^Xi- Fix 
C, G -^^(/i). Set 4r := min^.^a;^. |xj — Xj\ and define 

. . , , _ J (x,^(2;i)) if xeB2r{xi) i = l,---,n 

^ ' ^^ ^"1 if x^UUB2rix,). 

Let r] G C^ be a symmetric function such that f^o V^x = I, rj > and rj is supported 
in the closure of Br{0). Then i^ := r] * (p E C^ and V(^ coincides with ^ on U"^^-Br(a;i)- 
Consequently, -^^(yu) = T^A^ and Ker((iif^) = {0}. In particular if the points Xi are distinct 
then L^(/i) can be identified with M"^. If on the other hand all the points coincide, i.e. 
Xi = X, then fi = 6x and L'^{fi) — M.^. 

Consider for example the simplest case D = 1, n = 2. As seen in Example 12.21 the 
corresponding space of Dirac measures is homeomorphic to a closed half plane. We now 
see that at any interior point, corresponding to xi ^ X2, the tangent space is M^. At any 
boundary point, corresponding to Xi = X2, the tangent space is M. One should compare 
this with the usual differential-geometric definition of tangent planes on a manifold with 
boundary, cf. e.g. [21]: in that case the tangent plane at a boundary point would be M^. 
We will come back to this in Section I 



Remark 2.9. Decomposition [231 extends the standard orthogonal Hodge decomposition of a 
smooth L^ vector field X on IR-^: 

X = Vu + X\ 

where u is defined as the unique smooth solution in W^'"^ of Am = div{X) and X' := X — Vu. 
In particular. Decomposition [231 shows that VC^ ft Ker((iif^) = {0}. The analogous 
statement with respect to the measure C^ is that the only harmonic function on M^ in W^'"^ 
is the function u = 0. 

2.4. Analytic justification for the tangent spaces. Following [5J we now provide an 
analytic justification for the above definition of tangent spaces for Ai. A more geometric 
justification, using group actions, will be given in Section 13.21 

Suppose we are given a curve a : {a,b) ^ Ai and a Borel vector field X : (a, b) x M.^ —>■ M-^ 
such that Xt G L'^{at). Here, we have written at in place of a{t) and Xj in place of X{t). We 
will write 

(2.7) -^ + dtv,{X) = 

at 
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if the following condition holds: for all (p G C^{{a, b) x 

(2.8) / [ (^ + d(l){Xt))datdt = 0, 

J a JrD \Ot / 

i.e. if Equation 12.71 holds in the sense of distributions. Given at, notice that if Equation 12.71 
holds for X then it holds for X + W, for any Borel map W : (a, b) x M'^ — > M^ such that 
Wt e KeT{div^,). 

The following definition and remark can be found in [5] Chapter 1. 

Definition 2.10. Let (§, dist) be a complete metric space. A curve t G (a, 6) i— > crj G S 
is 2-ahsolutely continuous if there exists /3 G L'^{a,b) such that dist(o"(, cr^) < f^ [3{T)dT for 
all a < s < t < 6. We then write a G AC2{a,b\'B). For such curves the limit |cr'|(t) : = 
Hm^^t dist(o"(, crs)/|t — s\ exists for £^-almost every t G (a, &). We call this limit the metric 
derivative of a at t. It satisfies \a'\ < (3 /^-"^-almost everywhere. 

Remark 2.11. (i) If a G ^^2(0, 6; §) then \a'\ G L'^{a,b) and dist((T„(Ti) < /^* |fx'|(r)rfr for 
a < s < t < b. We can apply Holder's inequality to conclude that dist^(o"s, Ui) < c\t — s\ 
where c = f^ \a'\'^{T)dT. 

(ii) It follows from (i) that {at\ t G [a, b]} is a compact set, so it is bounded. For instance, 
given a; G S, the triangle inequality proves that dist (crs,x) < \/c\s — a\ + dist(o"a,x). 

We now recall [5] Theorem 8.3.1. It shows that the definition of tangent space given above 
is flexible enough to include the velocities of any "good" curve in A^. 

Proposition 2.12. If cr E AC2{a, b; 7W) then there exists a Borel map v : (a, b) x R^ — > IR-^ 
such that ^ + diva{v) = and Vt G L'^{(Jt) for C^-almost every t G {a,b). We call v a 
velocity for a. If w is another velocity for a then the projections iiativt), TTatiwt) coincide 
for C^-almost every t G (a, 6). One can choose v such that Vt G VC^ and \\vt\\a-t = W\(t) 
for C^-almost every t G {a,b). In that case, for C^-almost every t G {a,b), Vt is uniquely 
determined. We denote this velocity a and refer to it as the velocity of minimal norm, since 
ifwt is any other velocity associated to a then \\crt\\a^ < \\wt\\at for C^ -almost every t G (a, 6). 

The following remark can be found in [5| Lemma 1.1.4 in a more general context. 

Remark 2.13 (Lipschitz reparametrization) . Let a G ^6*2(0, 6; A^) and f be a velocity as- 
sociated to a. Fix a > and define S{t) = J (a + ||i;T-||o-^)(ir. Then S : [a, 6] -^ [0,-^] is 
absolutely continuous and increasing, with L = S{b). The inverse of S is a function whose 
Lipschitz constant is less than or equal to 1/a. Define 

as := 0-5-1(5), Vs := S'^{s)vs-i{s)- 

One can check that a G AC2{0, L; A4) and that -y is a velocity associated to a. Fix t G (a, b) 
and set s := S{t). Then Vt = S{t)vs{t) and \\vs\\as = a+i'iUji^^ < 1- 

3. The calculus of curves, revisited 

The goal of this section is to revisit the material of Section [2] from a more geometric 
viewpoint. Many of the results presented here are purely formal, but they may provide some 
insight into the structure of Ai. They also provide useful intuition into the more rigorous 
results contained in the sections which follow. We refer to Appendix |A] for notation and 
terminology. 
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3.1. Embedding the geometry of M.^ into Ai. We have aheady seen in Example 12.21 
that Dirac measures provide a continuous embedding of M.^ into Ai. Many aspects of the 
standard geometry of M^ can be recovered inside Ai, and various techniques which we will 
be using for Ai can be seen as an extension of standard techniques used for M.^. 

One example of this is provided by Example 12.81 which shows that the standard notion of 
tangent space on M.^ coincides with the notion of tangent spaces on Ai introduced by fSj. 

Another simple example concerns calculus on M^, as follows. Consider the space of volume 
forms on M''^, i.e. the smooth never- vanishing D-forms. Under appropriate normalization 
and decay conditions, these define a subset oi Ai. Given a vector field X G A'c and a volume 
form a, there is a standard geometric definition of diVa{X) in terms of Lie derivatives: 
namely, Cx<y is also a D-form so we can define dWa{X) to be the unique smooth function 
on R^ such that 

(3.1) diVa{X)a = CxC(- 

In particular, it is clear from this definition and Lemma IA.3I that X G Ker{divQ,) iff the 
corresponding fiow preserves the volume form. 

Cartan's formula IA.13I together with Green's theorem for R'^ shows that diVa is the neg- 
ative formal adjoint of d with respect to a, i.e. 

fdiVa{X)a = - / df{X) a, V/ G C^. 

In particular, diVa{X)a satisfies Equation 12.61 In this sense Definition 12.61 extends the 
standard geometric definition of divergence to the whole of A^. 

3.2. The intrinsic geometry of A^. It is appealing to think that, in some weak sense, the 
results of Section 12.41 can be viewed as a way of using the Wasserstein distance to describe 
an "intrinsic" differentiable structure on At. This structure can be alternatively viewed as 
follows. 

Let : R'^ -^ M.^ be a Borel map and fi & At. Recall that the push-forward measure 
0#/i G A^ is defined by setting (f)#fi{A) := fi{(p^^{A)), for any open subset A C R-^. Let 
Diffc(R^) denote the /d-component of the Lie group of diffeomorphisms of R^ with compact 
support, cf. Section IA.4I Choose any X & Xc and let 0i denote the fiow of X. Given any 
yU G Al, it is simple to verify that fit '■= 4't#f^ is a path in At with velocity X in the sense of 
Proposition 12.121 Notice that in this case the velocity is defined for all t, rather than only 
for almost every t. In particular the minimal velocity of /ij at t = is 7r^(X) G T^Ad. From 
the point of view of Section IA.21 this construction can be rephrased as follows. The map 

(3.2) Diffe(R^) X A^ ^ Al, (0, /i) ^ 0#/i 

is continuous and defines a left action of Diffc(R^) on Al. The map 

M-^TM, fi^7T^{X)eT^M 

then defines the fundamental vector field associated to X in the sense of Section IA.2[ 
According to Section IA.2t the orbit and stabilizer of any fixed fi E At are: 

0^:= {u eM:u = (j)#fi, for some (f) G Diffc(R^)}, 
Diff,,^(R^) := {0 G Diff,(R^) : 0#/i = /i}. 
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Formally, Diffc,^(M^) is a Lie subgroup of Diffc(IR'^) and Ker((iif^) is its Lie algebra. The 
map 

J : Diff,(M^)/Diffe,^(M^) ^ O^, [0] ^ 0#/i 

defines a 1:1 relationship between the quotient space and the orbit of /i. Lemma lA.lSl suggests 
that O^ is a smooth manifold inside the topological space A4 and that the isomorphism 
Vj : Xc/Ker^div^) -^ T^O^ coincides with the map determined by the construction of 
fundamental vector fields. Notice that, up to L^-closure, the space A:'c/Ker((izf^) is exactly 
the space introduced in Definition 12. 5[ This indicates that the tangent spaces of Section 
12.31 should be thought of as "tangent" not to the whole of M., but only to the leaves of 
the foliation induced by the action of Diffc(M^). In other words M. should be thought 
of as a stratified manifold, i.e. as a topological space with a foliation and a differentiable 
structure defined only on each leaf of the foliation. This point of view is purely formal but it 
corresponds exactly to the situation already described for Dirac measures, cf. Example 12.81 
Recall from Proposition 12. 121 the relationship between the class of 2-absolutely continuous 
curves and these tangent spaces. This result can be viewed as the expression of a strong 
compatibility between two natural but a priori distinct structures on M.: the Wasserstein 
topology and the group action. 

Remark 3.1. The claim that the Lie algebra of Diffc,^(M'^) is Ker((iif^) can be supported in 
various ways. For example, assume (pt is a curve of diffeomorphisms in Diffc,^(M^) and that 
Xt satisfies Equation IA.8[ The following calculation is the weak analogue of Lemma IA.3I It 
shows that Xt G ¥^ei{div^): 



df{Xt) dn= df{Xt) d{(j)t#n) = / df\^XXt\<t>t) dn = d/dt{f o 0^) d/x 

= d/dt / f o (jy^dfi = d/dt / / d{(l)t#^) = d/dt f dfi 

= 0. 

It is also simple to check that Ker((izf^) is a Lie subalgebra of X^, i.e. ii X,Y E Ker((izf^) 
then [X,Y] e KeT{diVf,). To show this, let / G C^. Then: 

{dzv^{[X,Y]),f) = - f df{[X,Y])d^l = - f dg{X)dfi+ f dh{Y) dfi 

= {diVf,{X),g) - {div^{Y),h) 
= 0, 

where g := df{Y) and h := df{X). 

Finally, assume /i is a smooth volume form on a compact manifold M. In this situation 
Hamilton [22] proved that Diff^(M) is a Frechet Lie subgroup of Diff(M) and that the Lie 
algebra of Diff^(M) is the space of vector fields X G X{M) satisfying the condition CxfJ' = 0. 
As seen in Section \3A] this space coincides with Kei^div^). 

3.3. Embedding the geometry of ^A into (C^)*. We can also view A1 as a subspace 
of (C^)*. It is then interesting to compare the corresponding geometries, as follows. 

Consider the natural left action of Diffc(M^) on M-^ given by ■ x := 0(x). As in Section 
IA.2t this induces a left action on the spaces of forms A*^ and in particular on the space of 
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functions C^ = A°, as follows: 

Diff,(R^) X Cr - Cr, 0-/:= (0-^)7 = /°, 
By duality there is an induced left action on the space of distributions given by 

Diff,(R^) X {CTT - {CT)\ ((0 ■ ^), /) := (/i, (0-^ • /)) = (^, (/ o 0)). 

Notice that we have introduced inverses to ensure that these are left actions, cf. Remark 
IA.9I It is clear that this extends the action already defined in Section 13.21 on the subset 
Ad C [C^y. In other words, the natural immersion i : M. ^ (C*^)* is equivariant with 
respect to the action of Diffc(]R'^), i.e. i{4>#^) = ■ i{fi). 

As mentioned in Section \2A\ (C^)* has a natural differentiable structure. In particular it 
has well-defined tangent spaces Tfj_{C^)* = (C^)*. For each ^ G A4, using the notation of 
Section 13.21 composition gives an immersion 

2 o J : Diff,(M^)/Diff,,^(M^) -^O,-^ (CD*. 

This induces an injection between the corresponding tangent spaces 

Notice that, using the equivariance of i, 

(v(«oj)(x),/) = (Vz(dM(0i#/i)|i=o),/) = (rfM(«(0,#/i))|,=o,/) = (rfM(0,-/i)|i=o,/) 

= d/dt {jj,, f o 0i)|i=o = (yu, d/dt{f o (j)t)\t=o) = (/i, df{X)) 
= -{div,{X)J). 

In other words, the negative divergence operator can be interpreted as the natural identifi- 
cation between T^AI and the appropriate subspace of (C^)*. 

More generally, we can compare the calculus of curves in M. with the calculus of the 
corresponding curves in (C^)*. Given any sufficiently regular curve of distributions t — > 
/it G {C'^y, we can define tangent vectors n := lim,i^o ^'\~^' G T^,(C;?°)*. Assume that /i^ 
is strongly continuous, in the sense that the evaluation map 

is continuous. Notice that fi = fit defines a distribution on the product space (a, 6) x R^: 
V/ = /t(x)GCr((a,6)xR^), 

(/^>/) := / {lJ^t,ft)dt. 



One can check that ^(/ij, ft) = {n, ft) + (/i*, ^), so 

(3.3) J {^^^^) + {rtJt)dt = 0. 

Equation 13.31 shows that if /i^ G A1 and r^ = —diVfj,^{Xt) then fit satisfies Equation 1 2. 8 [ In 
other words, the defining equation for the calculus on A^, Equation 12.71 is the natural weak 
analogue of the statement lim/i^o ^*"'"^~^' = —diVf^^{Xt). 

Roughly speaking, the content of Proposition 12.121 is that ii fit & M. is 2-absolutely 
continuous then, for almost every t, Tt exists and can be written as —div^^{Xt) for some 
i-dependent vector field Xt on R-^. 



12 W. GANGBO, H. K. KIM, AND T. PACINI 



Remark 3.2. One should think of Equation 12.71 i.e. d/dt[jj,t) = —div^^{Xt), as an ODE on 
the subnianifold A4 C (C^)* rather than on the abstract manifold A4, in the sense that the 
right hand side is an element of T^ (C^)* rather than an element of T^^M.. Using V(i o j)^^ 
we can rewrite this equation as an ODE on the abstract manifold M., i.e. d/dt{fit) = 7r^j(X). 

3.4. Further comments. There exists an extensive literature concerning how to make 
infinite-dimensional geometry rigorous. The first step is to provide rigorous definitions of 
infinite-dimensional manifolds and of infinite-dimensional Lie groups. The works [18], [27] , 
[37] and [38] are examples of standard references in this field. In all these cases the starting 
point is a notion of manifold built by gluing together charts which are open subsets of locally 
convex vector spaces (plus some completeness condition). These references are often useful 
when one wants to make a "formal" study of PDE rigorous; in particular, when the space of 
solutions is, in some sense, an infinite-dimensional Lie group (as in [7]). 

In this paper, however, we do not rely on the above frameworks. The main reason is, quite 
simply, the fact that the "differentiable structure" on 7V1 introduced by [5J is not based on 
the above notion of manifold: as discussed in Section 13.21 it uses a much weaker notion and 
none of the results presented in this paper require anything more than this. It should also be 
emphasized that the relationship, discussed in Chapters [2] and [3|, between the Wasserstein 
metric on Ai, group actions and the theory of [5] shows that the latter is extremely natural 
within this context. 

Another reason is that we want to keep regularity assumptions to a minimum. In par- 
ticular, we want to avoid making unnecessary restrictions on the smoothness of measures 
(required by [18]) and of velocity fields. 

It may also be worthwhile to mention that it is not clear if the above references lead to 
a general theory of "infinite-dimensional homogeneous spaces", which is in some sense the 
geometry underlying this paper. Specifically, Section 13.21 introduces the idea that A^ is a 
"stratified manifold" and that each stratum is the orbit of a certain group action. These 
orbits are of the form G/H, where G is the infinite-dimensional Lie group of diffeomorphisms 
(as in the above references) and H is the subgroup of diffeomorphisms which preserve a given 
measure. Thus our space of solutions A^ can be viewed as a collection of homogeneous spaces 
G/H of varying dimension: some finite-dimensional, others infinite-dimensional. However, 
except in the case of smooth measures discussed in [18], these H are not known to be "infinite- 
dimensional Lie groups" and, to our knowledge, the corresponding homogeneous spaces are 
not known to be "infinite-dimensional manifolds" in the sense of the above references. 

4. Tangent and cotangent bundles 

We now define some further elements of calculus on A^. As opposed to Section [3], the 
definitions and statements made here are completely rigorous. We will often refer back to 
the ideas of Section [3] and to the appendix, however, to explain the geometric intuition 
underlying this theory. 

4.1. Push- forward operations on Ai and TAi. The following results concern the push- 
forward operation on Ai. 

Lemma 4.1. // : IR-^ -^ IR-^ is a Lipschitz map with Lipschitz constant Lipcf) then 0# : 
Ai ^ Ai is also a Lipschitz map with the same Lipschitz constant. 
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Proof: Let fi,!/ E Ai. Note that if u{x) + v{y) < \x — yp for all x,y E M'^ then 
u o 0(a) +VO (j){b) < 10(a) - 0(6)|2 < (Lip0)> - foj^. 



This, together with Equation I2.2[ yields 

(4.1) / ud(j)^fi+ / V d(j)^iy = / uo0(i/i+ / t> o 0(iz/ < (Lip 0)^14^2^ (/x, i^). 

JRO JlgD JiRD JiRD 

We maximize the expression on the left hand side of Equation 14. II over the set of pairs {u, v) 
such that u{x) + v{y) < |x — j/p for all x,y E M.^ . Then we use again Equation l2.2l to conclude 
the proof. QED. 



Lemma 4.2. For any ^ E M. and G Diff^{R.^), the map 0* : A'^ — ;> X^ has a unique 
continuous extension 0* : L^(/i) — > L'^{(l)^n). Furthermore (t)*{Ker{div^)^ C Ker{div^^fj) . 
Thus 0* induces a continuous map 0* : T^A^ — > T^^^jvi. 

Proof: Let /i G TW, G Diff,(R^), / G C,^(M^) and let X G Ker(rfit;^). If C^ is the 
L°°-norm of V0 we have | |0*X| 1^^^ < C^\ \X\\^. Hence 0* admits a unique continuous linear 
extension. Furthermore 

df{ip^X)d(p#iJ,= / df\^{(p^Xi^) dn = / df\^iyip ■ X)djji= I d{f o (p){X) dfi = 0. 

Jrd J^D Jj^D 

QED. 

Lemma 4.3. Let a G AC2{a,b;Ai) and let v be a velocity for a. Let (f G Diff'^(R^). Then 
t -^ '^^{at) G AC2{a, b] A4) and ip^v is a velocity for ^^o. 

Proof: \ia<s<t<b then, by Lemma I^TTl W^2(v^#o"t, V^#o"s) < (-^^PV^) W^2(c"4, o"s). Since 
a G AC2(a, 6; A^) one concludes that ^#[0) G ^6*2(0, 6; A^). If / G C;r°((a, 6) x MP) we have 

—^ + dft{(f)^vt)jd{(f#at)dt = y-^ °f+ {dft{<P*Vt)) o ipjdatdt 

1- h d{ft o ip){vt)]datdt 

= 0. 

To obtain the last equality we have used that (t,x) — > f{t,ip{x)) is in C^((a,6) x R^). 

QED. 

4.2. Differential forms on A4. Recall from Definition 12.51 that the tangent bundle TAi of 
M. is defined as the union of all spaces T^Al, for /i G A^. We now define the pseudo tangent 
bundle TAi to be the union of all spaces L'^{fi). Analogously, the union of the dual spaces 
T*A4 defines the cotangent bundle T*Ai; we define the pseudo cotangent bundle T*M. to 
be the union of the dual spaces L'^^jj)* . 

It is clear from the definitions that we can think of TAi as a subbundle of TAI. Decom- 
position 12.51 allows us also to define an injection T*Ai —>■ T*Ai by extending any covector 
T^Ai ^ M to be zero on the complement of T^Ai in L^(/i). In this sense we can also think 
of T*Ai as a subbundle of T*Ai. The projections vr^ from Section [2731 combine to define a 
surjection vr : TAi -^ TAi. Likewise, restriction yields a surjection T*Ai — > T*Ai. 
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Remark 4.4. The above constructions make heavy use of the Hilbert structure on L^{fi). 
Following the point of view of Remark 12.71 and Section 13.21 i. e. emphasizing the differ- 
ential, rather than the Riemannian, structure of A4 one could decide to define Tf^Ai as 
L^(/i)/Ker((iif^). Then the projections vr^ : -^^(/i) — > T^j^-M would still define by duality 
an injection T*A4 -^ T*M.: this would identify T*M. with the annihilator of Ker((izf^) in 
L'^ifi). However there would be no natural injection TAi -^ TA4 nor any natural surjection 
T*M -^ T*M. 

Definition 4.5. A l-form on A^ is a section of the cotangent bundle T*A4, i.e. a collection 
of maps /i 1-^ A^ G T*M.. A pseudo l-form is a section of the pseudo cotangent bundle 
T*Ai. Analogously, a 2- form on A^ is a collection of alternating multilinear maps 

A pseudo 2-form is a collection of alternating multilinear maps 

It is natural (but in practice sometimes too strong) to further assume that each A^ (or A^) 
satisfies a continuity assumption such as the following: there exists c^ G M such that 

|A^(Xi,X2)|<c^||Xit-||X2|U. 

For /c = 1,2 we let A^Ai (respectively, A'^A^) denote the space of k-forms (respectively, 
pseudo k-forms). We define a 0-form to be a function F : Al ^ M. 

Notice that, for A; = 1, continuity implies that any l-form is uniquely defined by its values 
on any dense subset of T^Al, e.g. on the dense subset defined by smooth gradient vector 
fields. The analogue holds also for pseudo forms and for A; = 2, as long as the continuity 
condition holds. As above, extension defines a natural injection 

(4.2) h^M -^ A^M, A ^ A, 

i.e. to every k-form one can associate a canonical pseudo k-form. Conversely, restriction 
defines a surjection A*^A1 -^ A'^Al. 

Since T^Al is a Hilbert space, by the Riesz representation theorem every l-form A^ on 
T^Ai can be written A^(Y) = ^^o{A^,Y)dii for a unique A^ G T^A\ and all Y G T^A4. 
The analogous fact is true also for pseudo 1-forms. 

Example 4.6. Any / G C^ defines a function on Al, i.e. a 0-form, as follows: 

Fifx) := / fdfx. 

We will refer to these as the linear functions on Al, in that the natural extension to the 
space {C^y defines a function which is linear with respect to /i. 
Any A & Xc defines a pseudo l-form on Al as follows: 

(4.3) A^(X):= / {A,X)dfi. 

We will refer to these as the linear pseudo 1-forms. Notice that ii A = V/ for some / G C^ 
then A is actually a l-form. 
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Any bounded field B = B{x) on M^ oi D x D matrices defines a linear pseudo 2-forni via 
(4.4) 4(X,F):= / {BX,Y)dfi. 

Remark 4.7. When k = 1 Holder's inequality for the product of two functions shows that any 
vector field A^ G L^ifi), for p G [2, oo], defines a continuous map L^{^) ^ M as in Equation 
14.31 When k = 2 Holder's inequality for the product of three functions shows that any field 
of matrices 5^ G L°°(yu) defines a continuous map LP'{n) x -^^(/x) — > M as in Equation 14.41 
However, for /c > 3 there do not exist analogous constructions of (non-trivial) continuous 
k-linear maps L'^in) x ■ ■ ■ x L'^{fi) — > M. It is for this reason that we restrict our attention 
to the case k < 2. In any case, this is sufficient for the applications of interest to us. 

As in Section [A. 2^ the action of Diffc(M^) on Ai can be lifted to forms and pseudo forms 
as follows. 

Definition 4.8. For k = 1,2, let A be a pseudo k-form on A^. Then any G Diffc(M'^) 
defines a pull-back k- multilinear map 0*A on Ai as follows: 

(0*A)^(Xi, ...,Xk):= A<^^^(0,Xi, . . . , 0,Xfc). 

It follows from Lemma 14.21 that the push-forward operation preserves Decomposition 12.51 
This implies that the pull-back preserves the space of k-forms, i.e. the pull-back of a k-form 
is a k-form. 

Definition 4.9. Let F : A^ ^ M be a function on M. We say that ^ G L'^ijJ,) belongs to 
the suhdifferential d^F{^) if 



F{u)>F{fi)+ sup // {^{x),y-x)d^{x,y) + o{W2{i^,iy)), 

as z/ — > /i. If — ^ G d-{—F){fi) we say that ^ belongs to the superdifferential d~^F{fi). 
If ^ G 9„F(/i) n 9+F(/i) then, for any 7 G To{n, v), 

(4.5) F{v)=F{^^)+ [[ {ax),y - x) d^{x,y) + oiW^ifi,^)). 

If such ^ exists we say that F is differentiable at fi and we define the gradient vector V^-F : = 
7r^((^). Using barycentric projections (cf. [5j Definition 5.4.2) one can show that, for 7 G 

// {^{x),y-x)d-f{x,y)= {7r^{^){x),y-x)d-f{x,y). 

Thus vr^(0 ^ 5_F(/i) fl d^F{ji) fl T^TW and it satisfies the analogue of Equation 14.51 It can 
be shown that the gradient vector is unique, i.e. that d^F{ji) fl d^F^jj) fl T^M. = {n^{^)}. 
Finally, if the gradient vector exists for every /x G A^ we can define the differential or 
exterior derivative of F to be the 1-form dF determined, for any n E Ai and Y G T^M., 
by dF{fi)(Y) := f^jy{'V^F,Y) dfi. To simplify the notation we will sometimes write Y{F) 
rather then dF{Y). 

Remark 4.10. Assume F : Al ^ M is differentiable. Given X G VC^{R^), let 0t denote 
the flow of X. Fix jj, e M. 
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(i) Set Vt '■= {Id + tX)^fi. Then 

F{ut) = F{fi) + t [ (V^F, X)dfi + o{t). 
(ii) Set fit '■= (pt#fJ'- If ||V^F(/i)||^ is bounded on compact subsets of 7V1 then 

F{fit) = F{fi) + t [ {V^F,X)dfi + o{t). 

Proof: The proof of (i) is a direct consequence of Equation 14.51 and of the fact that, if r > 
is small enough, [id x [Id + tX)) n G To{fi, Vt) for t E [— r, r]. 
To prove (ii), set 

A{s,t) ■.= {l-s){Id + tX) + s(j)t. 
Notice that ||0i — /c?— tX||^ < t^||(VX)X||oo and that (s, t) -^ m{s,t) := A{s,t)^fi defines a 
continuous map of the compact set [0, 1] x [— r, r] into Ai. Hence the range of m is compact so 
1 1 V^F(/i) 1 1^ is bounded there by a constant C. One can use elementary arguments to conclude 
that F is C-Lipschitz on the range of m, cf. [25J for details. Let •jt '■= {{Id + tX) x 0i) „/i. 

We have 7^ G T{i't,fit) so W^2(/^t, ^t) < \\<Pt — Id — tX\\^ = 0{t^). We conclude that 

\F{ut) - F{fn)\ < CW2{fit, yt) = o{e). 
This, together with (i), yields (ii). QED. 

Example 4.11. Fix / G C^ and let F : A1 — i> R be the corresponding linear function, as in 
Example 14. 6[ Then F is different iable with gradient V^-F = V/. Thus dF is a linear 1-form 
on M.. Viceversa, according to our definitions every linear 1-form A is exact. In other words, 
if A^(X) = /jgo (A, X)dfi for some A = Vf then A = dF for F(/i) := J^o f dfx. 

Definition 4.12. Let A be a pseudo 1-form on Ai. We say that A is differentiable if the 
following two conditions hold: 

(i) For all X G Xc, the function A(X) : A^ ^ M is differentiable. We can then define the 
exterior derivative of A on pairs X,Y E Xc by setting 

(4.6) dA{X, Y) := XA{Y) - YA{X) - A{[X, Y]). 

(ii) For all yU G TW, dA^ is continuous when restricted to V C^, i.e. there exists c^ G M such 
that 

|rfA^(V/, V^)| < c^||V/|U ■ IIV^IU, for all Vf,Vg G VC^- 
Notice that condition (ii) implies that dA^^ has a unique extension to T^^Ai x T^Ai. 

Let A be a 1-form on Ai. Let A denote the associated pseudo 1-form, as in Equation 
14.21 We say that A is differentiable if A is differentiable. We can then define its exterior 
derivative by setting dA := dA. 

Remark 4.13. The assumption that dA satisfies the continuity assumption (ii) on VC^ 
implies that some form of cancelling occurs to eliminate first-order terms as in Equation 
lA.lll cf. Remark IA.7I Notice that dA, restricted to Tf,M x T^M, is a well-defined 2- 
form. On the other hand. Example 14.151 shows that it is not natural to impose a continuity 
assumption on X^ so dA does not in general extend to a uniquely defined pseudo 2-form. 

If A is differentiable in the above sense, it is natural to ask if c/A^(X, ■) = for any 
X G KeT{diVf^). It is not clear that this is the case. 
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Remark 4.14. One could also define a notion of differentiability for l-forms by testing A 
only against gradient vector fields V/ G VC^. This is clearly a weaker condition, which 
would yield a very poor understanding of the differentiability of the associated pseudo 1- 
form A. Indeed, assume A is differentiable in the weaker sense and choose X G Xc. Then 
A(X) = A(7r^(X)) and 7r^(X) depends on fi. In particular, the differentiability of A is now 
related to the smoothness of the projection operators yU i-^- tt^. We will avoid this notion, 
using instead the stronger definition given in Definition 14.121 

Example 4.15. Assume A is a linear pseudo 1-form, i.e. A(-) = J^iy{A,-)dfi for some 
A G Xc. Then A is differentiable and, VX, Y G A'c, 

dA{X, Y)= [ < n^iVA^ ■ Y + VF^ ■A),X> -< n^iVA^ ■ X + VX^ ■ A),Y > dft 

<VY -X-VX ■Y,A>d^i. 



If X, F G T^M then dk{X, Y) = J^^ < {VA - VA'^)X, Y > dfi. 
Proof: Define Fx -.M ^Rhj 

Fxiix) := A(X) = / <A,X>dfx. 

Let /i, z/ G tVI and 7 G ToifJ^, v). Then 

Fxiiy) - Fxifi) = <A,X>du- <A,X>dn 

< A{y),X{y) >-< A{x),X{x) > d-f{x,y). 



Set (f):=<A,X>. Then 6 G C?°(M^) so 



(4.7) Fx{u) - Fx(/x) = // 0(y) - <P{x)d^ix,y) 

(< V0(a;), y -x> +0{\x - y\'^)d-f{x, y) 
< V(f){x),y -x> d'y{x, y) + o(lV2(/i, i'))- 



'R-DxK^ 

Equation 14.71 shows that Fx : A^ ^ M is differentiable and that V^-Fx = 7r^(V0). Thus 
(4.8) rA(X) := dFx{Y) = f < V^Fx, Y > dfi 

= [ <7r^(VA^-X + VX^-v4),r >rf/i. 

Jrd 
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Analogously, 

(4.9) XA{Y) := dFriX) = f < V^,Fy,X > rf/i 

= [ Kn^iVA^ -Y + VY^ ■A),X>dfi. 

We combine Equations 14.81 and 14.91 to get 

dA{X, Y) : = XA{Y) - YA{X) - A([X, Y]) 

(4.10) = / <n^{\/A^ -Y + VY^ ■A),X>dfx 

< n^{VA^ ■ X + VX^ ■A),Y >d^M 



<VY-X-VX ■Y,A>dfi. 
li X,Y e T^M then Equation 14.101 simplifies to 

dA{X, Y)= [ < {VA^ ■ Y + VF^ ■A),X> - < {VA^ ■ X + VX^ ■ A),Y > d^i 

<WY ■X-WX-Y,A>d^i 

< {WA - WA^)X, Y > dfi. 

QED. 
In Lemma 15.121 we will generalize this result to the class of regular pseudo 1-forms. 



4.3. Discussion. As explained in Section 13. 2[ we can think of A^ as the union of smooth 
manifolds O. Each tangent space T^A^ should then be thought of as the tangent space of 
O at the point fi. Our notion of k-form A is defined in terms of the dual tangent spaces, so 
each A|0 is, at least formally, a k-form on a smooth manifold in the usual sense. The logic 
behind our definition of the operator d on 1-forms is as follows. As seen in Section 13.21 any 
X ^ Xc defines a fundamental vector field on O (or on M). In particular we can think of 
the construction of fundamental vector fields as a canonical way of extending given tangent 
vectors X, Y at any point yU G O to global tangent vector fields on O. Combining Remark 
IA.13I with Lemma IA.19I shows that the construction of fundamental vector fields determines 
a Lie algebra homomorphism Xc —* X{0). Equation 14.61 thus mimics Equation lA.llI for 
k = 1. In Section [57il we will study the corresponding first cohomology group. We can think 
of this as the de Rham cohomology of the manifold O. 

The notion of pseudo k-form is less standard, but also very natural. The finite-dimensional 
analogue of this notion is explained in Section IA.3I Roughly speaking, i.e. up to L^- 
closure, if we restrict our space of pseudo k-forms to any manifold O we obtain the space of 
maps O — > A'^(g), where g = X^. Our definition of the operator d, given in Equation 14. 6[ 
should now be compared to Equation IA.19I Notice that the sign discrepancy between these 
equations is explained by the fact that the Lie bracket on g is the opposite of the usual Lie 
bracket on Xc, cf. Lemma IA.19I In this setting the key point is that each manifold O is 
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actually the orbit of a group action. More specifically, we can identify it with a quotient of 
the group Diffc(M^). Proposition lA. 17l then shows that pseudo k-forms are actually k-fornis 
on the group, rather than on the manifold, endowed with a special "invariance" property. 
In some sense the corresponding cohomology is more closely related to the orbit structure 
of the manifold O than to its topological structure. However Proposition IA.171 shows that, 
at least in finite dimensions, there is a simple relation between this invariant cohomology 
and the usual de Rham cohomology of the manifold: for k = 1, the latter is a subgroup of 
the former. Proposition IA.171 also shows that the operation of Equation 14.21 is very natural 
from this point of view: up to the appropriate identifications, it coincides with the standard 
pull-back operation from k-forms on the quotient of the group to k-forms on the group. 

It may be useful to emphasize that the identification between the orbit O and the quotient 
space is not canonical. The details involved in changing this identification are explained in 
Section IA;! 

5. Calculus of pseudo differential 1-forms 

Given a 1-form a on a finite-dimensional manifold. Green's formula relates the integral of 
da along a surface to the integral of a along the boundary curves. In Section 15.11 we show 
that an analogous result for A4 is rather simple if both the form and the surface satisfy 
certain regularity conditions. The conditions we need to impose on the form are rather mild: 
we investigate these in Sections 15.21 and 15.31 developing a general theory of regular pseudo 
1-forms. The conditions on the surface, instead, are very strong. In Section 15.41 we thus 
prove a second version of Green's formula, valid only for certain surfaces we call annuli. For 
these surfaces we need no extra regularity conditions, and Green's formula then leads to a 
proof that every closed regular 1-form is exact. 

5.1. Green's formula for smooth surfaces and 1-forms. Let A be a differentiable 1- 
form on M. in the sense of Definition I4.12[ Let A denote the associated pseudo 1-form in 
the sense of Equation 14. 2[ Set ||A^|| := sup^{A^(f) : v G T^M., \\v\\^ < 1}. We assume that, 
for all compact subsets IC d M., 

(5.1) sup ||A^|| < oo. 

We also assume that for all compact subsets /C C A1 there exists a constant C}c such that, 
for all /i, z/ G /C and u G Cfe(M'^, M.^) such that Vu is bounded, 

(5.2) \K{u)-^^{u)\<CKW2{^^,v){\\u\\^ + \\Vu\ 
Set ||(iA^|| to be the smallest nonnegative number c^ such that 

\dk^{yf\Vg)\ < c^||V/|U ■ \\Vg\\,, for all V/, V(? G VQ 

Now let S : [0, 1] x [0, T] ^* M. denote a map satisfying the following three regularity 
conditions: 

(i) For each s G [0, 1], 5(s, ■) G AC2(0, T; M) and, for each t G [0, T], 5(-, t) G v4C2(0, 1; M). 

(ii) Let f (s, ■, ■) denote the velocity of minimal norm for S{s, ■) and w{-,t, ■) denote the 
velocity of minimal norm for S{-,t). We assume that v,w E C^([0,1] x [0,T] x ]R-^,]R-^) 
and that their derivatives up to third order are bounded. We further assume that v and w 
are gradient vector fields so that dsV and dtw are also gradients: this implies that A and A 
coincide when evaluated on these fields. 



ooy 



■yoo 
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(iii) S takes values in the set of absolutely continuous measures. More specifically, S{s, t) = 
p{s, t, ■)C^ for some p e C^([0, 1] x [0, T] x M^) which is bounded with bounded derivatives. 

Using Remark 12. 11^ Proposition 12.121 and the bound on v,w and on their derivatives, we 
find that S is 1/2-Holder continuous. Hence its range is compact so ||As'(s^j)|| is bounded. 
We then use Equations 15. H 15.21 and Taylor expansions for wf+^i and vl'^^ to obtain that 

(5.3) 9,(A5(.,)K)), _ = vl{f^sis,t){wf))+KsiU){dtwl), 

\ / \s,t 

where we use the notation of Definition 14. 9[ Analogously, 

(5.4) ds Usis,tM)) _ = wliAsisM^D) + Asi^Mdsvt). 

V / \s,t 

Lemma 5.1. For (s,t) G (0, 1) x (0,T) we have {dtwl — dsvf) — [wl,vl\ G Ker{divs(s,t))- 
Proof: We have, in the sense of distributions, 

(5.5) dtpt + V ■ (pM) = 0, dspt + V ■ (ptwt) = 

and so 

V ■ dsipX) = -dApt = V ■ (d.ptwt). 
We use that p, v and w are smooth to conclude that 

V ■ {vtdspt + ptdsvt) = V . (wtdtpt + ptdtwt). 

This implies that if ^9 G C^{R^) then 

(5.6) / (V^, vtd^pt + ptd.vt) = [ (V^, wtdtpt + pldtwl). 

We use again that p, v and w are smooth to obtain that Equation 15.51 holds pointwise. Hence, 
Equation 15.61 implies 

/ {V^,-vtV-{ptwt)+ptdsvt)= [ {Vcp,-wtV-ipM)+ptdtwt). 
Rearranging, this leads to 

/ (Vy., dsvt - dtwt)ptdC^ = [ (Vy., vt)V ■ (ptwt) - (Vy., <> V ■ (pM). 
Integrating by parts and substituting pfC^ with S{s,t) we obtain 
{V^,dsvt-dtwt)dS{s,t) 

= / ({V'vwt + {VwtfVv,vt)-{V'^vt + {VvtfV^,wt))dS{s,t) 

= / hcp,[vt,wt])dSis,t). 
Since y? G C^^WP^ is arbitrary, the proof is finished. QED. 
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Proposition 5.2. For each t G (0, T) and s G (0, 1) we have 

5t(As(s,i)K)) - dsl^Asisd'^t)) = dAsisd^t,^!)- 
Proof: We use Definition 14.121 and Equations 15.31 15.41 to find 

dAsi-s,D{vlwl) = dAs(-s,D{vl,wl) 

= vliAsisd^D) - wliAsisd^D) - Asis,i){['^l,wl]) 

= dt (A5(s,t)K)) , _ - As^-s,t){dtwt) - d, (Asi^sM'^t)) , - 

V / \s,t \ / \s,t 

+ AsisM^sVt) - A5(s-,t)(K, Wt]) 

= djAs^s,t)H)) , _-dJAs^s,t){vt)) _ 

\ / \s,t \ / \s,t 

+ Asis,t){9svt - dtwl - [vl <]). 
We can now use Lemma [5.11 to conclude. QED. 

Theorem 5.3 (Green's formula for smooth surfaces). Let S he a surface in M. satisfying 
the above three conditions. Let dS denote its boundary, defined as the union of the negatively 
oriented curves ^(O, ■), S{-,T) and the positively oriented curves S{1, ■), S{-, 0). Suppose that 
fi -^ IMA^II is also bounded on compact subsets of M.. Then 

f dA= f A. 

J S JdS 

Proof: Recall that vf, wf and their derivatives are bounded. This, together with Equa- 
tions [5?T] and [5]2l implies that the functions (s, t) -^ As[s,t){v^) and (s,t) — > As(s,t){'w^) are 
continuous. Hence, by Proposition 15.21 (s,t) — > dAs{s,t){vf,wf) is Borel measurable as it 
is a limit of quotients of continuous functions. The fact that /x — *> ||(iA^|| is bounded on 
compact subsets of A4 gives that (s,t) — > dAs(s,t){'v^,wf) is bounded. The rest of the proof 
of this theorem is identical to that of Theorem 15.321 when we use Proposition 15.21 in place of 
Corollary EJOI QED. 

The regularity conditions we have imposed on S to obtain Theorem 15.31 are very strong. 
In particular, given an AC2 curve a of absolutely continuous measures in A^, it is not clear 
if there exists any surface S satisfying these assumptions and whose boundary is a. It is 
thus difficult to use Theorem 15.31 to reach any conclusion about the de Rham cohomology of 
A4. Such conclusions will however be obtained in Section [531 based on a different version 
of Green's theorem. 

5.2. Regularity and differentiability of pseudo 1-forms. The goal of this section is to 
introduce a regularity condition for pseudo 1-forms which guarantees differentiability. It will 
also ensure the validity of assumptions such as Equations 15.11 and 15. 2[ 

Definition 5.4. Let A^ := J^jy{Afj_, ■)dfi be a pseudo 1-form on A4. We say that A is regular 
if for each ^ E A4 there exists a Borel field oi D x D matrices 5^ G L°°(R^ x M.^, fi) and a 
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function O^ G C(R) with 0^(0) = such that 



(5.7) sup \ \A,{y)-A^{x)-B^{x){y-x)\'d-f{x,y) 

< Wiifi, v) min{0^(W^2(/i, i^)), c(A)}l 

where as usual ro(/x, p) denotes the set of minimizers in Equation 12.11 and c(A) > is a 
constant independent of /i. We also assume that ||-B^||^ is uniformly bounded. Taking c(A) 
large enough, there is no loss of generality in assuming that 

(5.8) sup 115^11^ <c(A). 

Let A be a 1-form on M.. Let A denote the associated pseudo 1-form, as in Equation 14.21 
We say that A is regular if A is regular. 

Remark 5.5. Some of the assumptions in Definition 15.41 could be weakened for the purposes 
of this paper. We make these choices simply to avoid introducing more notation and to 
shorten some computations. 

Example 5.6. Every linear pseudo 1-form is regular. In other words, given A G A'c, if 
we define A^(F) := j^i^{A,Y)dn then A is regular. Indeed, setting B^ := VA one can 
use Taylor expansion and the fact that the second derivatives of A are bounded to obtain 
Equation 15.71 

Remark 5.7. Even if Equation 15 . 71 holds for A^, it does not necessarily hold for A^ := '7r^(A). 
This implies that, in general, it is not clear what regularity properties might hold for the 
1-form obtained by restricting a regular pseudo 1-form. This is true even in the simplest 
case where A is as in Example 15.61 The case in which A is related to A as in Equation 14.21 is 
an obvious exception: in this case, according to Definition 15.41 A is regular iff A is regular. 

From now till the end of Section [5] we assume A is a regular pseudo 1-form on Ai and we 
use the notation A^, 5^ as in Definition 15.41 

Remark 5.8. li fi,u e M, X e L'^ifi), Y G L'^{u) and 7 G To{fJ^, v) then 

(5.9) A,(F)-A^(X)- / UA,{x),Y{y)-X{x)) + {B^{x){y-x),Y{y)))d^{x,y) 



{A,{y) - A^{x) - B^{x){y - x), Y{y))d^{x,y). 

xRO 

By Equation 15.71 and Holder's inequality, 

(5.10) / {A,{y)-A,{x)-B,{x){y-x),Y{y)) <W2{fi,u)c{A)\\Y\l. 

jR^xRO 

Similarly, Equation 15.81 and Holder's inequality yield 

(5.11) / {B,ix)iy-x),Yiy)) < W^2(/i, /^)c(A) ||r||,. 
We use Equations 15.101 and 15.111 to obtain 

(5.12) A,(r)-A^(X)- / {A^{x),Y{y)-X{x))d^{x,y) < 2c( A) 1^2 (/U, ^/) 11^-11.. 



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 

Remark 5.9. Let Y G C](M^) and define F(/i) := A^{Y). Then 

|i^M-i^(/u)|<w^2(^/,/i)(p.||.||vr||oo + 2c(A)||r| 

Proof: By Holder's inequality, 
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{A,{x),Y{y)-Y{x))dj{x,y) 



< \\A 



MMM 



\VY\\^W2{u,fi). 



We apply Remark 15.81 with Y = X and we exchange the role of n and u to conclude the 
proof. QED. 



Lemma 5.10. The function 

is continuous on A4 and bounded on bounded subsets of Ai. Suppose S : [r, 1] x [a,b] -^ A4 
is continuous. Then 



sup 



\A 



Sis,t)\\S{s,t) 



< oo. 



{s,t)£[r,l]x[a,b] 

Proof: Fix fio E A4. For each /i G 7W we choose 7^ G ro(yUo,/i). We have 



11^ 



fJ-WfJ- 



\A 



MoM/io| 



My)\k. - \\^^^oi^)\U^ < W^f^iy) - ^f^oi^ 



nij.- 



This, together with Equations 15.71 and 15.81 yields 



\A 



fi\\f^ 



\A 



MoMa«o 



<\\B,,{x){y-x)\L+c{A)W2{fio,f^)<2c{A)W2{fio,f^). 



To obtain the last inequality we have used Holder's inequality. This proves the first claim. 

Notice that (s,t) — > ||^5(s,t)||s(s,t) is the composition of two continuous functions and is 
defined on the compact set [r, 1] x [a,b]. Hence it achieves its maximum. QED. 



Lemma 5.11. Let Y G C^(R^) and define F{fi) := A^{Y). Then F is differentiable with 
gradient V^F = n^{\/Y^{x)A^{x) + Bj^{x)Y{x)). 

Furthermore, assume X G VC^(M'^) and let (pt{x) = x + tX{x) +tOt{x), where Ot is any 
continuous function on R^ such that ||0t||oo tends to as t tends to 0. Set fit := ip{t, ■)#fi. 
Then 

(5.13) F{fit) = F{fi) + t [ f (4(x), VY{x)X{x)) + {B^{x)X{x), Y{x))] dfi{x) + o{t). 



Proof: Choose ji^u E M. and 7 G ro(/i, p). As in Remark 15.81 



A,(F) - A,{Y) - / {A,{x), Y{y) - Y{x)) + {B,{x){y - x), Y{y))]d^{x, y) 

{A,{y) - A^{x) - B^{x){y - x), Y{y))d-i{x,y). 



By Equation 15.71 and Holder's inequality. 



{AM - 4(x) - B^iy - x), Y{y)) < o{W2{^^, v)) \\Y\l. 
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Since Y G C^iM^) we can write Y{y) = Y{x) + VY{x){y — x) + R{x, y){y — x)^, for some 
continuous field of vector- valued 2-tensors R = R{x, y). In particular, R has compact support 
and depends on the second derivatives of Y . Then 



/ 



{A^{x),Y{y) -Y{x))d-i{x,y) = / {A^{x),VY{x){y - x))d-i{x,y) 



(5.14) +/ {A^{x),R{y-xy)d^{x,y). 

We now want to show that the term in Equation 15.141 is of the form o{W2{fi, u)) as p tends 
to /i. For any e > 0, choose a smooth compactly supported vector field Z = Z{x) such that 
11^4^ — Z\\^ < e. Then by transposing the matrix R{y — x) and using Holder's inequality we 
obtain 



/ 



{A^ix), R{y - xf)d-i{x, y)\< I \ ((i?(y - x)fiA,ix) - Z{x)),y - x)\d-i{x, y) 



\{Z{x),R{y-xY)\d-i{x,y) 

< e \\{R{y - x))||ooW^2(/U, u) + \\Z\\^\\R\\ooW^{fx, u). 
Since e and ||^||oo are independent of v, this gives the required estimate. Likewise, 



/ 



{B^ix)iy - x), Yiy))d^{x, y) = / {B^{x){y - x), Y{y) - Y{x))d-f{x, y) 

xIRO JM-DxRD 



+ / {B^{x){y-x),Y{x))d'^{x,y) 



{B^,{x){y - x),Y{x))d-i{x,y) + o{W2{^i,v)). 

ROxRD 



Combining these results shows that 

KiY) = K,{Y) + / {VY^{x)A^{x) + Bl{x)Y{x),y - x)dj{x, y) + o{W2{^^. v)). 

JR^xRO 

As in Definition 14. 9[ this proves that F is differentiable and that V^-F = tt^{S/Y'^{x)A^{x) + 
Bl{x)Y{x)). 

Now assume that (pt is the flow of X. Notice that the curve t ^ fit belongs to AC2{—r, r; A4) 
for r > 0. We could choose for instance r = 1. Hence the curve is continuous on [—1, 1]. 
By Lemma [5.101 the composed function t —>■ \\A^^\\^^ is also continuous. Hence its range is 
compact in M, so there exists C > such that ||^/^J|/^t < C for all t G [—1, 1]. We may now 
use Remark 14. 101 to conclude. 

The general case of (pt as in the statement of Lemma 15.111 can be studied using analogous 
methods. QED. 



Lemma 5.12. Any regular pseudo 1-form A is differentiable in the sense of Definition \4.12 . 
Furthermore, VX, Y G T^Ai, 

(5.15) dA^iX, Y)= [ {{B^- Bl)X, Y)dfi. 



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 25 

Proof: The fact that, for each Y G X^, A{Y) is a differentiable function on Ai follows from 
Lemma IS.lli Lemma 15.111 also gives an expression for the gradient of this function. Using 
this expression it is simple to check that, for X, F G V C^, 

(5.16) XA{Y) - YA{X) - A{[X, Y]) = f {{B, - i?J)X, Y)dfi. 

Jro 

This proves that A is differentiable. By continuity, the same expression holds for any X,Y & 
T^M. QED. 

5.3. Regular forms and absolutely continuous curves. The goal of this section is to 
study the regularity and integrability properties of regular pseudo 1-forms evaluated along 
curves in AC2{a, b]A4). 

Lemma 5.13. Assume {fie}teE C Ai and v^ G L'^ifie) are such that C := sup^g^; ||'ye||L2(^^) 
is finite. Assume {/iejege converges to ^ in M. as e tends to and that there exists v G -^^(/u) 
such that {fe/ie}ee_B converges weak-* to vfi as e ^ 0. 7/7^ G ToifJ^jfie) then lime^octe = 0, 
where a, = J^o^^D{A^ix),v^{y) - v{x))d^^{x,y). 

Proof: It is easy to obtain that ||f||L2(^) < C. Let 7^ G ro(/x,/Xg) and ^ G X^. Then there 
exists a bounded function C^ G C{M.^ x R^) and a real number M such that 

(5.17) i{x) - i{y) = Vi{y){x -y) + \x- y\^C^{x, y), |Q(x, y)\ < M, 
for x, y G M^. We use the first equality in Equation 15.171 to obtain that 

{A^{x),Ve{y) - v{x)) = {A^{x) - ^{x),Ve{y) - v{x)) + {^{y),Ve{y)) - {^{x),v{x)) 

+ (V^(y)(x -y) + \x- y\'^C^{x, y), v,{y)). 
Hence, 

Wei < \\Af,{x) -^(x)||i2(^^)||t;,(|/) -t;(x)||i2(^^) + 6, 

(5.18) +1 / {{Vay){x - y) + \x - y\^C^{x,y)),v,{y))d^,{x,y)\. 

Above, we have set b, := | J^D^^D{{^{y),V e{y)) - {^ix),v{x)))d%{x,y)\. By the second in- 
equality in Equation 15.171 and by Equation 15.181 

(5.19) |a,|<2C||4-e||L2(^)+6, + ||Ve||ooW^2(/i,/i.) + Miy|(/i,/x,). 

By assumption {W2{fi, fie)}eeE tends to and {b^}^^E tends to as e tends to 0. These facts, 
together with Equation 15.191 yield limsup^^g k^l — 2C||74^ — ^||l2(^) for arbitrary ^ G Xc. 
We use that Xc is dense in L^(/i) to conclude that lime^ofie = 0. QED. 

Corollary 5.14. Assume {yUe}eg£; C A4, fi, v^ G L'^ifJ^e) o,nd v satisfy the assumptions of 
Lemma YS.l^ Then lim^^o A^£('ye) = A^(t>). 

Proof: Let 7^ G ro(yU,yUe)- Observe that 

{A^,Xy),Ve{y)) - {A^{x),v{x)) = {A^{x),v,{y)-v{x)) + {B^{x){y ~ x),v,{y)) 

(5.20) + ^A,Sy) - A,ix) - B,{x){y - x),vM)- 
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We now integrate Equation 15.201 over IR-^ x M-^ and use Equations 15.71 15.81 and the fact that 
7e e Toifi, fie)- We obtain 

|A^^(fe) - A^(f)| < |a,| + ||5^||Loo(^)W2(/i,/ie)|be|U. + 0(1^2 (/i, /^e) ) | ^e | U, 
(5.21) < |a,|+C||5^||ioo(^)W^2(/i,/ie)+Co(1^2(/i,/ie)). 

Letting e tend to in Equation 15.211 we conclude the proof of the corollary. QED. 

Lemma 5.15 (continuity of A<,,(Xt)). Suppose a E AC2[a, b; M). If X E C{{a, b)xR^, R^) 
then \{t) := A„^{Xt) is continuous on {a,b). 

Proof: Fix t E {a,b) so that t belongs to the interior of a compact set K* C (a, 6). Let 
ip E CciR^,R^) and denote by i^ a compact set containing its support. Observe that X is 
uniformly continuous on K* x K so 
(5.22) 

limsupl / {ip{x),Xt+h{x) - Xt{x))dat+h{x)\ < limsup Hv^lU sup |Xt+/,(x) - Xi(x)| =0. 
Since (Xf, (p) E Cc and a is continuous at t by Remark 12.111 we also see that 



(5.23) lim / {(p{x),Xt{x))dat+hix) = {(p{x),Xt{x))dat{x). 

Since ip E Cc(R^,R^) is arbitrary, Equations 15.221 and 15.231 show that {Xt+hO't+h}h>o con- 
verges weak-* to atXt as h tends to zero. Corollary 15.141 yields that A is continuous at 
t. 

QED. 

Remark 5.16. Using the techniques of Lemma 15.291 one could further prove that if a G 
AC2{a,b;A4) and X is sufficiently regular then X(t) := Ao-j(Xi) is Lipschitz and £^-almost 
everywhere differentiable. 

We now assume that r^l, E C°°(M.^) is a mollifier : ^|)(a;) = l/e^ri{x/e), for some bounded 
symmetric function rj E C°°(M^) whose derivatives of all orders are bounded. We also 
impose that r^ > 0, J^o \x\'^rj{x)dx < cxd and Jj^^ r] = 1. We fix /x G A1 and define /"(x) : = 
/ffiD Vhi^ ~ y)d'fJ'{y)- Observe that /" E C°°(R^) is bounded, all its derivatives are bounded 
and J^o /' = 1. 

We suppose that rjl E C°°(]R) is a standard mollifier: rjlit) = l/e?7i(t/e), for some bounded 
symmetric function r]i E C°°{M.) which is positive on (—1,1) and vanishes outside (—1,1). 
We also impose that Jj^t^i = 1 and assume that |e| < 1. 

Suppose a E AC2{a,b;A4) and v : (a, 6) x R^ — ^ M^ is a velocity associated to a so 
that t — *• ||vt||(Tt £ L°°{a,b). Suppose that for each t E {a,b) there exists pt > such that 
at = PtCP. 

We can extend a and v in time on an interval larger than [a, 6] . For instance, set (X^ = a^ 
for t E (a — 1, a) and set Ot = ah for t E {b^b + 1). Observe that a E AC2{a — 1, 6 + 1; TW) 
and we have a velocity v associated to a such that Vt = Vt for t E [a,b]. We can choose v 

such that ll-ytlllj = for t outside (a, 6). In particular, j^_^ \\vt\W^dt = j^ WvtW^^dt. In the 
sequel we won't distinguish between a, a on the one hand and f , v on the other hand. This 
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extension becomes useful when we try to define pl as it appears in Equation 15.241 The new 
density functions are meaningful if we substitute cr by a and impose that e G (0, 1). 
Fore e (0,1), set 

(5.24) pl{x) ■= [ r]l{t - r)pr{x)dT, a^ := p^/:^, pt{x)vt{x) := I r^\{t - r)pr{x)vr{x)dT. 

Jr Jr 

Note that pl{x) > for all t G (a, 6) and x G M^ and pl is a probability density. Also, 
v^ : (a, b) X R-^ — >• M^ is a velocity associated to c^^ In the sequel we set 

C^ := / \x\'^ri{x)dx, Ci = rji{T)TdT, Cy := sup ||ti^||o.^. 

JrD Jr rG(a-l,6+l) 

Lemma 5.17. We assume that for each t G (a, &) there exists pt > such that at = ptC-^ ■ 
Then a" G AC2{a, b; M). For a < s <t <b, 

(i) W2ip, rC") < eC, (it) \\vt\\^^^ < a, and (ttt) W2iat,at) < eCiC 

Proof: We denote by U the set of pairs (m, v) such that u,v E C(R^) are bounded and 
u{x) + v{y) < |x — yp for all x,y E W^. Fix {u,v) G U. By Fubini's theorem one gets the 
well known identity 



(5.25) / u{x)f^{x)dx = I dp{y) / u{x)ri^{x — y)dx. 

Jrd Jrd Jjs^d 

Since v{y) = J^o v{y)rj^{x — y)dx, Equation 15.251 yields that 

u{x)r{x)dx+ / v{y)dp{y) = / dp{y) / ri^{x - y){u{x) + v{y))dx 



(5.26) < / dp{y) / rie{x — y)\x — y\ dx 

Jrd 

dM I ^vi-Mdz = C\'. 
Jrd e e 

To obtain Equation [526] we have used that (m, v) G U. We have proven that f^^ u{x)f^{x) dx+ 
J^uv{y) dp{y) < C^e^ for arbitrary {u,v) G U. Thanks to the dual formulation of the 
Wasserstein distance Equation 12. 2[ we conclude the proof of (i). 

Notice that for each t G (a, 6) and x G M^, r]l{t — t) Pr{x) / pl{x) is a probability density 
on M. Hence, by Jensen's inequality, 

\vl{x)\^ = l/pl{x) I rilit - r)p,{x)Vr{x)dT ' < l/pl{x) [ 7^\{t - T)p,{x)\Vr{x)\Hr. 

JR JR 

We multiply both sides of the previous inequality by pl{x). We then integrate the subsequent 
inequality over R^ and use Fubini's theorem to conclude the proof of (ii). 
We use (ii) and Remark 12.111 (i) to obtain that a'^ G ^6*2(0, 6; A^). We have 

u{x)dal{x) = I u{x)dx I ■r]\{T)pt^r{x)dT = I 'r]\{T)dT I u{x)dat-T{x) ■ 
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Hence, using that v{y) = J^ril{T)v{y)dT, we obtain 

/ u{x)dal{x) + / v{y)dat{y) = / ?7i(r)(ir( / udat-r + / vdai 

(5.27) < [ r]l{T)W^{at.r,cxt)dT 



(5.28) < / vl{ryC^dT = e'C,C^. 



To obtain Equation 15.271 we have used the dual formulation of the Wasserstein distance 
Equation 12.21 and the fact that {u, v) G U. We have used Remark 12.111 to obtain Equation 
15.281 Since J^d u dal + j^^ v dat < eCC^ for arbitrary (m, v) G U, we conclude that (iii) 
holds. 

QED. 

Remark 5.18. Assume that for each t G (a, 6) there exists pf > such that at = ptjC^- Let 
G Ce(M^). Setting I^{t) := J^^ {(f) , Vt) ptdC^ , we have 

-Dl 



(5.29) 1/ {<P,vt)pldC^\ = \vl*mt)\<M\ooC,. 

Corollary 5.19. Suppose that for each t G (a, &) there exists pt > such that at = ptC^ ■ 
Then, for each t G [a, 6], {(Tt}e>o converges to at in M. as e tends to zero. For C^-almost 
every t G [a,h], {(T^f^}e>o converges weak-* to atVt as e tends to zero. 

Proof: By Lemma [5. 171 (iii). {cr^}e>o converges to at in A^ as e tends to zero. 

Let C be a countable family in Cc(M.^). For each G Cc{^^), the set of Lebesgue points 
of Iff, is a set of full measure in [a, b]. For these points rjl * I^{t) tends to /^(t) as e tends to 
zero. Thus there is a set 5* of full measure in [a, h] such that for all G C and all t G 5*, 
Tjl * I^{t) tends to I^{t) as e tends to zero. Fix ip G Cc(^^) and choose 5 > arbitrary. Let 
G C be such that ||v9 — 0||oo < 5. Note that 

Hi * hit) - I^{t)\ < \r^{ * I^it) - I^{t)\ + \r^{ * V^(t)| + I V^(t)|. 

We use the inequality in Equation 15.291 to conclude that 

\r^{ * I^{t) - I^{t)\ < \7]l * I^{t) - I^{t)\ + 2sa,. 

li t & S, the previous inequality gives that limsup^^g l^i * hi't) ~ hi't)] < 2SCy. Since S > 
is arbitrary we conclude that lime_>o \ril * lipif) — Iip{t)\ = 0. QED. 

Corollary 5.20. Suppose that a G AC2{a,b]A4) for all a < b, v is a velocity associated to 
a and C := sup^gj^^ ll'^tllo-t < cxd. Define 

fl{x):= j r]'^{x-y)datiy), al:=flC^, f[{x)vl{x) := r]''j^{x - y)vt{y)dat{y). 
As in Equation \5.24\ for < e < 1 we define 

P'/ix) ■■= [ Vlit - r)/;(x)rfr, ar := P^'^^C^, Pt^xyt'^x) := [ r^{{t - T)f;ixKix)dT. 

Jr Jr 

Then: 
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(i) v'^ is a velocity associated to a'' and, for each t G (a, h), {o"[}r converges to at in M. as 
r tends to zero. For C^ -almost every t e (a, 6), ||f[||o-[ < C and {f[cr[}r>o converges weak-* 
to VtCTt (IS r tends to zero. 

(a) v"'"^ is a velocity associated to a^''' and, for each t G {a,b), {o'l'^}e converges to (t[ in 
M. as e tends to zero. For every tE {a,b), ||fj'''||o-'''- < C while for C^- almost every t E {a,b), 
{vt'^al'^}r>Q converges weak-* to vial as e tends to zero. 

(Hi) The function t -^ A^^,r(^v'^''^^ is continuous while t -^ A„^{vt) is measurable on (a, b). 

(iv) Suppose in addition that a is time-periodic in the sense that aa = a^. Then a''^ = al. 

Proof: It is well known that ||f[||o-'' < Ibtllo-t < C (cf. J5] Lemma 8.1.10) so, by Remark 
12.111 (i), a G AC2(a, 6; A1). One can readily check that f*" is a velocity associated to a'^ . 
Lemma [5. 171 shows that, for each t G (a, 6), {o'l}r converges to at in A^ as r tends to zero. 
Let if G Cc(M^,M^). Set ip"^ := 77^ * ip. Since {v5''}r>o converges uniformly to ip, 

lim / {ip,vl)dal= {vt,ip)dat. 

Thus {vlal}r>o converges weak-* to Vtat as r tends to zero. This proves (i). 

We next fix r > 0. For a moment we won't display the dependence in r. For instance we 
write f*^ instead of v^'^ as in Equation 15.241 Notice that p'^ G C"'^([a, 6] x M^), p"^ > and pl 
is a probability density. Also v^ G C^([a,6] x M^,R^) and v^ is a velocity associated to o"^. 
Fix t G [a,b] C (a, 6). Lemma 15.171 gives that ||ff||o-^ < C for all e > small enough. By 
Corollary 15.191 {fjCr^^}e>o converges weak-* to Vtat as e tends to zero. This proves (ii). 

By Lemma [5.15[ t -^ A„i{vl) is continuous in (a, b). Hence by (ii) t -^ A„r(^vl) is measurable 
as a pointwise limit of measurable functions. We then use (i) to conclude that t -^ A„^{vt) 
is measurable as a pointwise limit of measurable functions. This proves (iii). The proof of 
(iv) is straightforward. 

QED. 

We can now prove that regular pseudo 1-forms can be integrated along absolutely contin- 
uous curves, as follows. 

Corollary 5.21. Let a G AC2{a,b\M.) and let v be a velocity associated to a. Suppose 
t ~^ W'^tWat ^s square integrable on (a, b). Thent — > A„^{vt) is measurable and square integrable 
on (a, b). 

Proof: Let a be the reparametrization of a as introduced in Remark 12.131 and let v be 
the associated velocity. By Corollary 15.201 (iii), because sup^gjo^j H'^sHo-s < l? we have that 
s — > A^^{vs) is measurable. But Aa-t{vt) = S(t)A^,, {vs{t))- Thus t — * A„^{vt) is measurable. 
By Corollary 15. 101 there exists a constant C„ independent oft such that ||ylo-tllo-t — ^o- for 
all t G [a,b]. Thus 

l^<Tt(wt)l = / {Aat^'Vt)dat 



< \\A^t\\<Tt\\Vt\\cTt < Ca\\Vt\\af 

Since t -^ \\vt\\at is square integrable, the previous inequality yields the proof. QED. 

Corollary 5.22. Suppose {a^}o<r<c C AC2{a,b;A4), v^ is a velocity associated to a^ and 
00 > C := sup(-(^)g£; ||f[||o-[ where E := [a,b] x [0,c]. Suppose that, for £} -almost every 
t G (a, 6), {vlal}r>o converges weak-* to Vtat and {o"[}r>o converges in M. to at as r tends 
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to zero. If {t,r) -^ cr[ is continuous at every (t, 0) G [a,b] x {0} then lim^^^o / A„r[v^)dt = 
J^ K„{y)dt. Here we have set at := o"°. 

Proof: By Lemma [5.101 we may assume without loss of generality that HAo-rHo-r is bounded 
on E' by a constant C independent of (t, r) G E. We obtain 

(5.30) sup \Kr{vl)\< sup \\A,r\lr\\vl\lr<CC. 

{t,r)eE (t,r)€E 

Corollary 15.141 ensures that limr-_+o Ao-'-(f[') = A„^{vt) for £^-almost every t G [a,b]. This, 
together with Equation l5.30l shows that, as r tends to 0, the sequence of functions t — > Ao.'(t)[) 
converges to the function t -^ Ao-t(ft) in L^{a, b). This proves the corollary. QED. 

Definition 5.23. Let a G AC2{a,b;Ai) and let f be a velocity associated to a. Suppose 
t -^ \\vt\\at is square integrable on (a, 6). By Corollary 15.211 t — > A„^{vt) is also square 
integrable on (a, b). It is thus meaningful to calculate the integral J^ Af^^{vt)dt. 

We will call J K^^{vt)dt the integral of A along {cr,v). When v is the velocity of minimal 
norm we will write this simply as / A and call it the integral of A along a. 

Remark 5.24. Suppose that r : [c, d] -^ [a, b] is invertible and Lipschitz. Define o"s = 
(Tr{s)- Then a G AC2{c,d]M.) and Vs{x) = r{s)vr{s){x) is a velocity for a. Furthermore, 

l'A,,{vt)dt = j;;A^Mdt. 

Proof: Let (3 G L'^{a,b) be as in Definition ElOl Then 

/•r{s+h) rs+h 

W^2(ffr(s+/.),CT,(,))< / I3{t)dt = / ^{T)dT where ^(s) := |r(s)|/3(r(s)). 

J r{s) Js 

Because /3 G -^^(c, d) we conclude that a G ^6*2(0, rf; A^). Direct computations give that, for 
C^ — a.e. s G (c, rf), 

limW'2(o-r{s+h),o-r(s))/|/i| = |^(s)| |(T'|(r(s)). 

h— >0 

Thus la'Ks) = |r(s)| |cr'|(r(s)). Let G C^^MP) and let f be a velocity for a (see Proposition 
I2.12p . The chain rule shows that, in the sense of distributions, 

i(yr{s) = r{s){V(f),Vr(s))a,^,^ = {V(f),Vs)as, 



ds 
where Vs{x) = f(s)fr(s)(a;). Thus -u is a velocity for a. Using the linearity of A we have 



rd pb 



A^^{vs)ds= r{s)A„^^^^{vr(s))ds = A„^{vt)dt. 

J c J a 

This concludes the proof. QED. 
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5.4. Green's formula for annuli. Let a E AC2{a, b; ^A). Given r G (0, 1) and s G [r, 1], let 

Ds : M"^ —>■ M.^ denote the map defined by Ds{x) := sx. Using this map we can canonically 
associate to a the surface 

(5.31) a(s,t) : [r,l] X (a,6)^7W, a{s,t) = al := D,#at. 

We call such a surface an annulus. We now want to study its properties. 
Let V denote the velocity of a of minimal norm. Set 

w{s,t,-) = wl{x) := - = -D7^(a;), v{s,t,-) = vl := Ds^Vt. 

s 



According to Lemma H^ for each s G [r, 1], cr(s, ■) G AC2{a, b; M.) admits v{s, ■) as a velocity. 
For each t and 6 G C?°(M^), in the sense of distributions, 



c 



— / (j)dal = — I (j){sx) dat{x) = I d(j){sx){x) dat{x) = I d(j){wl)dal. 

ds J^D ds J^D J^D J^D 

Thus w{-,t) is a velocity for cr(-,t). 
We assume that 

lla'lloo := sup \\vt\\at < oo. 

te[a,b] 

By Remark Em 

c° := sup W2iat,So) < oo. 

te[a,b] 

By the fact that Dg^at = cx^ we have 

(5.32) W^iat, 6o) = s^W^ia^, 6o) < s^c^ < a, 

where we are free to choose Ca to be any constant greater than c°. 

Remark 5.25. Note that (1 + h/s)Id pushes a^ forward to a^^^ and is the gradient of a 
convex function. Thus 



r^ := (^Id X (1 + h/s)Id'^ at G ^o(a,^ a^^^). 



For 7'^-almost every [x, y) G M'^ x M.^ we have y = {1 + h/s)x, so 

(5.33) vr\y) = {s + h)v,{^) = (1 + -)vt{^) = (1 + -)<(x). 

Using the definition of erf and f f we obtain the identities 

(5.34) \\Id\\ai = s\\Id\\at < sCa, ||fi llai- = s||t;i||^, < s||o-'||oo. 

We use the first identity in Equation 15.341 and the fact that (1 + h/s)Id pushes erf forward 
to al"^^ to obtain 

(5.35) Wiialat^^) = %\\Id\\ls = /^2||/d||2 = K'Wiiau^o) < h'Cl 

Lemma 5.26. There exists a constant C^{r) depending only on a and r such that \ \A^s \\^s < 
C„{r), for all {s,t) G [r, 1] x [a,b]. 
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Proof: By Remark l2.11l (i). a : [a,b] —>■ Ai is 1/2-Holder continuous: there exists a constant 
c > such that W2{<Jt2,<^ti) < c|t2 — ^i|- Together with Lemma 14.11 and the fact that 
Lip{Ds) = s < 1, this gives that t -^ af is uniformly 1/2-Holder continuous: 

Remark 12.111 (ii) ensures that {at\ t G [a, h]} is bounded and so there exists c > such that 
W^2(crt5 ^o) ^ c for all t G [a, h]. One can readily check that 7 := {^Dg^ x Dg,^ at G r(cr*\ o^D' 



so 



W2^(cr^^, (jj^) < / |x — ?/|^(i7 = / |Ds;^x — Ds2x|^(icr((x) = |s2 — Sip / \x'\^dat{x) 

< C\S2 - Sip. 

Thus s ^ cr| is 1-Lipschitz. Consequently (t, s) — i> erf is 1/2-Holder continuous. This, 
together with Lemma [5.101 yields the proof. QED. 

Set 

V{s,t):=Ks{vl), W{s,t):=Ks{wl). 

The following proposition is extracted from |5] Theorem 8.3.1 and Proposition 8.4.6. 

Proposition 5.27. Let a G AC2(a, 6;7V1) and let v be its velocity of minimal norm. Let 
Ml he the set oft such that Vt fails to he in T^^M.. Let A/2 he the set of t & [a, 6] such that 

TT^ X (tt^ — 7r^)//i j rfh fails to converge to {Idxvt)^at in the Wasserstein space Ai(M.^ xM.^) , 

for some r]h G To{crt, o't+h)- Let M he the union of Mi and M2- Then C^{M) = 0. 

We can now study the derivatives of V and W, as follows. 

Lemma 5.28. For each t G (a, 6) \M, the function V{-,t) is differentiahle on (r, 1) and its 
derivative is hounded hy a constant Li{r) depending only on a and r. Furthermore 

dsVis,t)= f {A,s(x),^^)dat{x)+ f {B^six)wt{x),vtix))datix). 

Jrd S J^d 

Proof: Let C(j{r) be as in Lemma [5.261 and let C^j be as in Equation 15. 32[ We use Equations 
15.121 15.331 and then Holder's inequality to obtain 

(5.36) \V{s + h,t)-V{s,t)\<-\\A,sJlsJ\vt\ls+2c{A)W2{alat'')\\vt^^^^^^ 

s ' 

We combine Equations I5.34[ 15.351 and 15.361 to conclude that 

(5.37) \V{s + h,t)- V{s,t)\ < /ia(r)||a'||oo + 2/ic(A)a(s + h)\\a'\\oo. 

This proves that V{-, t) is Lipschitz on (r, 1) and that its derivative is bounded by a constant 
Li(r). As in Remark 15.81 

,. v{s + h,t)-v{s,t) ,. /• ,-^ r , vt^'\y)-vt{x), ^ . 

+ / {B^i{x)y—^,vt^\y))d^^ 

(5.38) +\ [ {As+.{y)-A,s{x)-B^six)iy-x),vt^\y))d^\ 
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where 7^ G To{(Jf~^^, af). By Equation lS.lOl the last inequahty in Equation 15 .341 and Equation 
15.351 we have 

(5.39) hm ^ / {A^s^y) - A^s{x) - B,s{x){y - x),vl+\y))^\x,y) = 0. 

We use Equations 15.331 15. 38^ 15.391 and the fact that, for 7^-almost every {x,y) G M-^ x M^, 
y = {1 + h/s)x to conclude that 

h^O h J^D S f^^OjRD S S 

{A^s(x),^^)dat+ f {B^s{x)wt{x),vt{x))dat. 
This proves the lemma. QED. 

Lemma 5.29. For each s G [r, 1] and t G (a, b) \ A/", the function W{s, ■) is differentiable at 
t and its derivative is bounded by a constant L2{r) depending only on a and r. Furthermore, 

dtW{s,t)= [ {A^.{x),^^)dcrt{x)+ [ {wt{x),B,s{x)vt{x))dat{x). 

Proof: As in the proof of Lemma 5.30, we have 

\W{s, t + h)- W{s, t) I < M^ W,{al„ at) + 2c{A)W2{al„ a^) \ KJ U^^^. 

This gives 

\W{s,t + h)-W{s,t)\ </i(l + 2c(A))a, 
proving that W{s, ■) is Lipschitz on (a, b) and that its derivative is bounded by a constant 
L2(r). For fixed s G [r, 1] and t G (a, 6) \7V, let 7^ G T o{al , a^^j^) . Then 

^^^ W{s,t + h)-W{s,t) 

h^O h 

V — X 

{B^s (x)— — , wt+hiy))dYhix, y) 
+ T i^-Un^y) - ^-?(^) - B^d^)(y - ^)' ^t+hiy)htix, y)- 

However, 



M T / '\M^y) - ^<^|(^) - Bat{x){y - x),wt+h{y))lh{x, y) = 0. 

We then use the fact that w^^z) = z/s to get 

r^ .n^ ^■ W{s,t + h)-W{s,t) ,. /• .- , X y-a;. , ,, , 

(5.40) im^ T -^^= im / (A..(x), ^-— )d7^(x,y) 

+ / (5.|(x)^,f)rf7^(x,y). 
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To conclude the lemma it suffices to show that if t G (a, b) \Af and 7^ G Toi^crf, crf_^_f^) then 
f TT^ X (tt^ — vr^)//i) Yh converges to {Id x v^)o-i in M.{R^ x ]R-°) as /i tends to 0. Set 

7. := {d;' X d;1)^7^ 

Since 

TT^ o (D;i X D;^) = D;^ o tt^ and vr^ o [D;^ x D;^) = D;^ o TT^, 

we conclude that •y^ G r(cri, crt+/i)- By the fact that the support of 7^ is cyclically monotone 
we have that the support of 'jh is also cyclically monotone. Hence 7^ G To{o-t, o't+h)- We have 
21 21 

(tt' X "" ^ "" )^7fe = {Ds X /^.)^((7r^ X "" ^ "" )#7fe) ^ (^s x /),) o (/c? x t;t)#ai 

= {Id X t;|)#a^ 

This, together with Equation 15.401 gives 

,. W{s,t + h)-W{s,t) 
hm 

h^O h 

{A^.{x),^^)dat{x)+ [ {B^s{xX{x),-)dat{x) 
{A^Jx),^^)dat{x)+ [ {BAx)vl{x),wl{x))dal{x). 



QED. 
Corollary 5.30. For each s G (r, 1) and t G {a,h)\M we have 

dt[Ks{wl))-ds[Ks{vt))=dKs{vt,wt). 

Proof: This corollary is a direct consequence of Lemmas 15.121 [5l28] and [5.291 QED. 

Remark 5.31. Proposition 15.21 was a direct consequence of Equations 15.31 and 15. 4[ Those 
equations depended strongly on the smoothness of vl and wl in all variables. In this section 
we have removed all smoothness assumptions on v^. Specifically, now we do not know that 
Vfj nor dtvl exist. However, Equation 15.331 ensures that v^ is differentiable with respect to 
s, in particular establishing the inequality | \vl'^ o vr^ — vl o vr-'^l |^h < /i| |cr'| |oo. This inequality 
is crucial for the proof of Lemma 15.281 

Lemma 15.281 is the analogue of Equation 15. 4[ Notice that the ffist term (respectively, 
the second term) on the right hand side of Lemma 15.281 corresponds to the second term 
(respectively, the first term) on the right hand side of Equation 15.41 Likewise, Lemma 15.291 
is the analogue of Equation 15. 3[ 

Theorem 5.32 (Green's formula on the annulus). Consider in 7VI the annulus S{s,t) = 
Dg^at for {s,t) G [r, 1] x [0,T]. Let dS denote its boundary, defined as the union of the 
negatively oriented curves S{r,-), S{-,T) and the positively oriented curves S{1,-), S{-,0). 
Then 

^ dA= f A. 

S JdS 



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 35 

Proof: We use Corollary 15.301 to obtain 

dA= dt dAs^,^t)iv'^,wt)ds= dt dt(As(s,t)i'^t)) - ds[As{s,t)i'"'t)) ds 

(5.41) = (^As(s,T){w'T)-Asis,0){O)ds- (A5(l,i)K') - A5(r,t)«))rft = / A. 

QED. 

Corollary 5.33. // we further assume that A is a closed pseudo 1-form and that o"o = ctt, 

then f A = 0. 

Jo- 
Proof: For s G [r, 1] define 

Ks) = / As(s,t)ivt)dt, l{t) = / AsisM^t)ds. 

Since w^ = Wq and af, = Dg^ax = Ds#cro = ctq; ^^ have l(T) = l{0). This, together with 
Equation 15.411 and the fact that dA = 0, yields J^ A^^{vt)dt = /(I) = l{r). But 

|/(r)| < / \As{s,t){vl)\dt < \\As{s,t)\\s(s,t)\\vl\\s{s,t)dt < r\\a'\\oo \\As(s,t)\\s{s,t)dt, 
Jo Jo Jo 

where we have used the last inequality in Equation I5.34[ The first inequality in Equation 

15.321 shows that, for r small enough, {S'(s, t)}igx[o,T]) is contained in a small ball centered at 

6o- But Lemma [5.101 gives that /i -^ ||^^IU i^ continuous at 6o. Thus there exist constants 

c and ro such that ||^5(s,t) 115(5,4) < c for all t G [0,T] and all r < tq. We can now exploit 

Equation 15.421 to obtain 



|/(1)| =liminf |/(r)| < liminf rTc||a ||oo = 0. 



QED. 



Corollary 5.34. Let A be a regular pseudo 1-form on M.. Let A denote the corresponding 
1-form on M., defined by restriction. Assume A is closed, i.e. dA = 0. Then A is exact, i.e. 
there exists a difjerentiable function F on M. such that dF = A. 

Proof: Fix /i G A4. Let cr be any curve in AC2{a,b;Ai) such that da = So and cxh = /i. 
Assume that v is its velocity of minimal norm and that sup(^M ||fi||o-t < oo. By Corollary 
15.331 f^ A depends only on fi, i.e. it is independent of the path a. Also, Remark [5.241 ensures 
that J A is independent of a, b. It is thus meaningful to define 

F(/x):= [a. 

We now want to show that F is differentiable. Fix fi,!/ E Ai and 7 G ro(/i, i^). Define 
at := ((1 — t)TT^ + t7r^)#7. Then cr : [0, 1] —> A^ is a constant speed geodesic between fj, and 
u. Let Vt denote its velocity of minimal norm. Clearly, 

(5.43) F(z/)-F(/i)= / K,ivt)dt. 

Jo 
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Let 7 : M.^ —>■ R-^ denote the barycentric projection of 7, cf. [5j Definition 5.4.2. Set 
f := 7 — Id. Then 7^ := {n^, (1 — t)7i^ + t7r^)#7 G ro(o"o, at) and 

Aa,{vt) -Ko{v) = / {A^^{x),vt{y) -v{x)) + {B^(^o){x){y - x),Vt{y))d'yt{x,y) 



+ / i^atiy) - A^oi^) - B^^{x){y - x),vtiy))d-ftix,y). 

By Equation (15. 7p and Holder's inequahty, 

i^atiy) -^ao(a;) - B^,X^){y - x),vt{y))d-ftix,y)\ < 0(1^2(0-0, cr*)) \\vt\ 



'Xi 



It is well known (cf. [5] Lemma 7.2.1) that if < t < 1 then there exists a unique optimal 
transport map T/ between at and cri, i.e. To{crt,o'i) = {{Id x Tl)#at}. One can check that 

vtiv) = ^%^ and ||t;t|U, = W^aK, ai)/(l - 1) = 1^2(^0,(71). Thus 

f - T^(y) —y 

{Aao{x),Vt{y) -v{x))d-ft{x,y) = / {A^^{x),^ (7(0;) - x))djt{x,y) 

< J i — t 

(^<xo(a;), ^_^ ^ - (2; - x))d7(x, 2;) 

= 0. 
Similarly, 

(^^o(3;)(2/-3;),t;i(y))rf7i(x,y) = t / {B^^{x){z-x),z-x)d-f{x,y) 

= 0(1^2(^0, ai)) = o(iy2(/i, «^))- 
Combining these equations shows that 

(5.44) A^M-Ko{^)=o{W2{fi,u)). 

Notice that (I5.44p is independent of t. Combining (I5.43P and (I5.44p we find 

F{u) = Fifi) + A^,{v) + / A^M - A^,{v)dt 

Jo 



F(/i) + A.,(^) + o(1^2(/i,z/)) 

F(/i)+ / {A,,{x),y - x)d-f{x,y) + o{W2{fi,i^)). 



As in Definition 14.91 this proves that F is differentiable and that V^F = 7r^(A^). Thus 
dF = A. QED. 

Example 5.35. Assume A is a linear pseudo 1-form, i.e. A(-) = J^o{A,-)dfi for some 
A e Xc. According to Example WAR ii dA = then /^^((VA - VA^) -, ■)dn = on T^^M. 
Restricting to Dirac measures proves that VA is symmetric so A is a gradient vector field. 
In other words, any closed linear pseudo 1-form is actually a linear 1-form. 
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5.5. Example: 1-forms on the space of discrete measures. Fix an integer n > 1. 
Given xi, • ■ ■ ,x„ G M^, set x := (xi, ■ ■ ■ ,Xn) and /Xx := l/''^X]r=i ^^i- ^et M denote the 
set of such measures and TM denote its tangent bundle, cf. Examples 12.21 and 12.81 Choose 
a regular pseudo 1-form A on A^. By restriction we obtain a 1-form a on M, defined by 
ttx := A/.X- Let A : M"^ -^ M"^ be defined by 

A(x) = (Ai(x),--- ,A„(x)) := (^A^Jxi),--- ,A^Jx„)). 

Notice that if X = {Xi, ■ ■ ■ , X„) G M"^ satisfies Xj = X^ whenever Xj = Xj then ax(X) = 
-(y4(x),X). Now define a riD x nD matrix -B(x) by setting 

(5.45) Bk+i,k+j ■= iB^^{xk+i)] , for A; = 0,---n- 1, i,j = !,■■■ ,D, 



(5.46) S;,™:=0 if {l,m)^{{k + i,k + j):k = 0,---n-l, i,j = l,---,D}. 

Proposition 5.36. The map A : M"-^ — > R"-^ is differentiable and VA(x) = B(x) for 
X G M"^. 

Proof: Let x = (xi, ■ ■ ■ ,x„) G M"-°. Set r := min^^^^;^, |xj - Xj\. If y = {yi, ■ ■■ ,yn) G 
M"^ and |y — x| < r/2 then ro(/ix,/^y) has a single element •jy = l/'^'X^ILi "^(^^i.s/*) ^^'^ 
nW2{|J^x,^J'y) = |y - xp. By Equation ISTTl 

(5.47) |A(y) - A(x) - i?(x)(y - x)^ = n o(^^^^). 

This concludes the proof. QED. 

Lemma 5.37. Suppose x = (xi, ■ ■ ■ , x„) G M"^ and X = (Xi, ■ ■ ■ , X„), F = (Fi, • ■ ■ , F„) G 
M"^ Q^g sttc/i i/iait Xj = Xj, Yi = Yj whenever Xj = Xj. Then 

dA^^{X,Y) = da^{X,Y). 

Proof: We use Lemma 15.151 and Equations 15.451 15.461 to obtain 

n 

dA^^{X,Y) = 5^((5^Jxfe) - B^^{xkf)Xk,Yk) = da^{X,Y). 

k=l 

QED. 

Corollary 5.38. Suppose thatr = (n, ■ ■ ■ ,r„) G C^{[0,T],R"'^) and set at := l/n^"^i 5^,(t). 
If A is closed and ctq = (^t then j a = 0. 

Proof: This is a direct consequence of Corollary 15.331 QED. 

Remark 5.39. One can check by direct computation that, for a surface x = x(s, t) in M, the 
familiar identity 9i(Q;x(c?sx)) — 9s(ax(t^tx)) = ciax(c?tx, c^^x) holds. Together with Lemma 
I5.37[ this is the analogue of Corollary 15.301 which we used to prove Theorem 15.321 

Remark 5.40. Notice that the assumption ctq = (Tt is weaker than r(0) = r(T). 
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5.6. Discussion. As mentioned in Section [2721 tlie space Ai is convex. This is true not only 
for probability measures on M.^ but also for probability measures on any manifold M. It is 
thus trivially true that all co homology groups if^(7W;R) vanish if these groups are defined 
purely in terms of the topology on A4 . 

In this paper, however, we are concerned with the differentiable structure on A^. As seen 
in Section 13. 2[ from this point of view A4 is the union of smooth manifolds O, defined as 
the orbits of the Diffc(M'^)-action on Ai. Given any such orbit O, it is then interesting to 
define and calculate the first cohomology group H^{0;M.). Notice that these orbits are in 
general not convex, so the above reasoning does not apply. In the case M = M.^, however. 
Corollary 15.341 can intuitively be interpreted as a vanishing result for H^{0]M.) if we think 
of cohomology in the differentiable sense, i.e. in the sense of de Rham, as follows. 

Let A be a regular 1-form on Ai. Recall from Definition 14.121 that A is closed iff A is 
closed. Then Corollary 15.341 shows that if A is closed then it is exact, i.e. A = dF for some 
differentiable F : At —>■ M.. Now choose an orbit O. Given any n E O, recall from Section 
13.21 that T/j^Ai can be thought of as the tangent space to O at the point /x. In this sense the 
restriction of F to (9 is still differentiable and d{F\c)) = {dF)\Q so the restriction of A to O is 
also exact. Roughly speaking. Corollary 15.341 thus shows that the first de Rham cohomology 
group H^{0\M.) of each orbit vanishes. It may be useful to point out that if /i is a Dirac 
measure then O^ = M^, so at least in this case the above vanishing result makes sense. 

It is reasonable to expect that most of the theory of [5] can be extended to probability 
measure spaces on other manifolds M. In this case, many of the results of this paper should 
also extend. However the above example, where O is the space of Dirac measures on M, 
shows that one should not expect H^{0; M) to vanish in general. In this sense our results are 
specific to the choice M = M^. Another way to see this is as follows. The proof of Corollary 
15.341 relied on the construction of certain "annuli" built using maps Dg of M^. These maps 
exist only because M^ is contractible. Such a construction would not be possible on other 
manifolds. 

The following considerations also support the above interpretation of Corollary I5.34[ Re- 
call that, for a finite-dimensional manifold M, the first de Rham cohomology group is closely 
related to the topology of M, as follows: H^{M]W) = Hom(7ri(M),]R), where the latter de- 
notes the space of group homomorphisms from the first fundamental group 7ri(M) to M. In 
our case, an orbit O is generally not a manifold in any rigorous sense so it is not a priori 
clear that there exists any relationship between our H^{0;M.) and 7ri((9). However, we can 
formally prove the topological counterpart of our vanishing result as follows. 

Let G be a finite-dimensional Lie group and if be a closed subgroup. Recall that there 
exists a homotopy long exact sequence 

>MH)^ 7ri(G) ^ 7i^{G/H) ^ noiH) ^ 7ro(G) . . . , 

cf. e.g. [H], VII. 5. Now assume G is connected, i.e. tto{G) = 1. We can then dualize the 
final part of this sequence obtaining a new exact sequence 

(5.48) 1 ^ Hom(7ro (H) , M) -^ Hom(7ri (G/H) , M) -^ Hom(7ri (G) , M) . 

Now choose /i G O and set G := Diffc(M^) and H := Diffc,^(M^) so that G/H ~ O. In many 
cases it is known that 7ri{G) is finite: specifically, this is true at least for D = 1,2,3 and 
D > 12, cf. [6] for related results. Let us assume that H has a finite number of components 
and that the homotopy long exact sequence is still valid in this infinite-dimensional setting. 
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Sequence 15.481 then becomes 

1^1^ Hom(7ri(C),R) -^ 1, 

so by exactness Hom(7ri((9),R) must also be trivial. 

To conclude, it is also interesting to examine the relationship between Corollary 15.341 and 
invariant cohomology, in the sense of Section lA.31 Recall from Proposition IA.171 that the first 
cohomology group of an orbit is a subgroup of the corresponding first invariant cohomology 
group. The statement that the first invariant cohomology vanishes is thus stronger than 
the statement that the first cohomology of the orbit vanishes. Now choose any orbit O in 
A4. According to Section [^^31 the corresponding invariant cohomology should be defined in 
terms of regular pseudo 1-forms. To prove that the invariant cohomology vanishes would thus 
require showing that dA = implies A = dF, for some differentiable function F : Ai ^ W. 
Since dF is a 1-form, such a result would imply that any closed pseudo 1-form is a 1-form. 
Corollary 15.341 does not achieve this. On the other hand, it is not clear that such a result 
should even be expected. 

6. A SYMPLECTIC FOLIATION OF M 

In Section 13.21 we used the action of the group of diffeomorphisms Diffc(M^) to build a 
foliation of Ai: this allowed us to formally reconstruct the differential calculus on Ai. We 
now specialize to the case D = 2d. In this case the underlying manifold M^*^ has a natural 
extra structure, the symplectic structure uj. The goal of this section is to use this extra data 
to build a second, finer, foliation of A^; we then prove that each leaf of this foliation admits 
a symplectic structure Vt. The foliation is obtained via a smaller group of diffeomorphisms 
defined by a;, the Hamiltonian diffeomorphisms. Section [GTT] provides an introduction to this 
group, cf. [36] or [32] for details. 

6.1. The group of Hamiltonian diffeomorphisms. Recall that a symplectic structure 
on a (possibly infinite-dimensional) vector space ^ is a 2-form uj :V ^V ^M. such that 

(6.1) UJ -.V^V*, V h^ iyUJ := uj{v,-) 

is injective. If V is finite-dimensional then u^ is an isomorphism; we will denote its inverse 
hj ujK 

Let M be a smooth manifold of dimension D := 2d. A symplectic structure on M is a 
smooth closed 2-form u satisfying Equation l6.1l at each tangent space V = T^M; equivalently, 
such that a;'' is a volume form on M. Notice that, since dui = 0, Cartan's formula [A. 131 shows 
that CxuJ = dix^- Throughout this section, to simplify notation, we will drop the difference 
between compact and noncompact manifolds but the reader should keep in mind that in the 
latter case we always silently restrict our attention to maps and vector fields with compact 
support. 

Consider the set of symplectomorphisms of M, i.e. 

Symp(M) := {0 G Diff(M) : 0*cj = uj}. 

This is clearly a subgroup of Diff (M ) . Using the methods of Section IA.4I (see in particular 
Remark [A. 2 ip one can show that it has a Lie group structure. Its tangent space at Id, thus 
its Lie algebra, is by definition isomorphic to the space of closed 1-forms on M. Via cj" 



40 W. GANGBO, H. K. KIM, AND T. PACINI 

and Formula IA.13I this space is isomorphic to the space of symplectic or locally Hamiltonian 
vector fields, i.e. 

Symp X ■.= {X e X{M) : CxoJ = 0}. 

Remark 6.1. Equation I A. 91 confirms that Symp A" is closed under the bracket operation, i.e. 
that it is a Lie subalgebra of X{M). Equation lA. 101 confirms that Symp A" is closed under 
the push-forward operation, i.e. under the adjoint representation of Symp(M) on Symp A", 
cf. Lemma [A.19[ 

We say that a vector field X on M is Hamiltonian if the corresponding 1-form ^ := uj{X, ■) 
is exact: C, = df. We then write X = Xj. This defines the space of Hamiltonian vector fields 
HamAf. It is useful to rephrase this definition as follows. Consider the map 

(6.2) C^{M)^X{M), f^df^Xf:=ujKdf). 

The Hamiltonian vector fields are the image of this map. This map is linear. It is not 
injective: its kernel is the space of functions constant on M. In Section 17.11 we will start 
referring to these functions as the Casimir functions for the map of Equation 16.21 

Remark 6.2. We can rephrase the properties of the map of Equation 16. 21 by saying that there 
exists a short exact sequence 

(6.3) O^M^C°°(M) -^HamA'-^O. 

As already mentioned, the function corresponding to a given Hamiltonian vector field is well- 
defined only up to a constant. In some cases we can fix this constant via a normalization, i.e. 
we can build an inverse map HamA' -^ C°°{M). We then obtain an isomorphism between 
Ham A* and the space of normalized functions. For example, if M is compact we can fix 
this constant by requiring that / have integral zero, J^^- fu'^ = 0. If instead M = M^'^ and 
we restrict our attention as usual to Hamiltonian diffeomorphisms with compact support, 
we should restrict Equation 16.21 to the space M © C^(M^'*) of functions which are constant 
outside of a compact set; by restriction we then get an isomorphism C^{M.'^'^) ~ Ham A'c. 

More generally, we say that a time-dependent vector field Xt is Hamiltonian if uj{Xt, ■) = 
dft for some curve of smooth functions ft- We then say that the diffeomorphism G Diff(M) 
is Hamiltonian if it can be obtained as the time t = 1 fiow of a time-dependent Hamiltonian 
vector field Xf^ , i.e. if = 0i and (pt solves Equation lA.Si 

Let Ham(M) denote the set of Hamiltonian diffeomorphisms. It follows from Lemma [A. 31 
that all such maps are symplectomorphisms. It is not immediately obvious that Ham(M) 
is closed under composition but it is not hard to prove that this is indeed true, cf. [36] 
Proposition 10.2 and Exercise 10.3. Once again, the methods of Section IA.4I and Remark 
IA.21I show that Ham(M) has a Lie group structure. Its tangent space at Id, thus its Lie 
algebra, is isomorphic to the space of exact 1-forms, which via cu" corresponds to the space 
of Hamiltonian vector fields. 

It is a fundamental fact of Symplectic Geometry that u defines a Lie bracket on C°°{M), 
as follows: 

{f,g}:=u;iXf,Xg)=df{Xg)=CxJ. 

This operation is clearly bilinear and anti- symmetric. The fact that it satisfies the Jacobi 
identity, cf. Definition lA. 21 follows from the following standard result. 
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Lemma 6.3. Let (j) G Symp{M). Then (f)*Xf = X^*f and 0*{/, (?} = {(f)* f , (j)* g} . Applying 
this to (pt G Synfip{M) and differentiating, it implies: 

(6.4) CxAf.9} = {C-xJ,g} + {f,Cx,g}. 

Lemma 6.4. The map f ^^ Xj has the following property: 

Proof: It is enough to check that dh{X{f^g}) = -dh{[Xf,Xg]), for all h E C^iM). As 
usual, it will simplify the notation to set X{f) := df{X). In particular Xf{h) = {h, /} and 
dh{[X, Y]) = X{Y{h)) - YiX{h)). Then: 

Xy^gyih) = {h, {/, g}} = -{/, {g, h}} - {g, {h, /}} 

= -{{h, g}, /} + {{h, /}, g} = -XfiXgih)) + Xg{Xf{h)) 

= ~[Xf,Xg\{h). 

QED. 

Recall from Section lA.4l the negative sign appearing in the Lie bracket [■, -Jg on vector fields. 
It follows from Lemma 16.41 that the map of Equation 16.21 is a Lie algebra homomorphism 
between C'^{M) and the space of Hamiltonian vector fields, endowed with that Lie bracket. 

Remark 6.5. Lemma 16.41 confirms that HamA:' is a Lie subalgebra of X{M). Lemma 16.31 
confirms that it is closed under symplectic push-forward, so in particular it is closed under 
the adjoint representation of Ham(M). 

Remark 6.6. Notice that Ham(M) is connected by definition. If M satisfies H^{M,M.) = 0, 
i.e. every closed 1-form is exact, then every symplectic vector field is Hamiltonian. Now 
assume that G Symp(M ) is such that there exists (pt G Symp(M) with 0o = Id and 0i = 0. 
It then follows from Lemma [A. 31 that is Hamiltonian, i.e. that the connected component 
of Symp(M) containing the identity coincides with Ham(M). In particular this applies to 
M = M^*^, so in later sections we could just as well choose to work with (the connected 
component containing Id of) Symp^(]R^'^) rather than with Hamc(M^'^). We choose however 
not to do this, so as to emphasize the fact that for general M the two groups are indeed 
different and that generalizing our constructions would require working with Ham(M) rather 
than with Symp(M). 

Remark 6.7. In many cases it is known that Symp(M) is closed in Diff(Af ) and that Ham(M) 
is closed in Symp(M), see [36] and [39] for details. 

6.2. A symplectic foliation of A4. The manifold M^'^ has a natural symplectic structure 
defined by a; := dx* A dy\ Let J denote the natural complex structure on M?'^, defined with 
respect to the basis dx^, . . . , dx'^, dy^, . . . , dy'^ by the matrix 

Notice that uj{-,-) = g{J-,-). It follows from this that Hamiltonian vector fields on M^"^ 
satisfy the identity 

(6.5) Xj = -JVf. 
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Set Q := Hanic(M^'*), the group of compactly-supported Hamiltonian diffeomorphisms on 
Let HamA'c denote the corresponding Lie algebra, i.e. the space of compactly supported 
Hamiltonian vector fields on R^'^. The push-forward action of Diffc(]R^'^) on M. restricts to 
an action of Q. The corresponding orbits and stabilizers are 

Of,:= {v e M: v = (j)#fi, for some G G}, Q ^, := {(j) e Q : (j)#fi = fi}. 

Notice that this action provides a second foliation of Ai, finer than the one of Section [3^ 



Example 6.8. As in Example I2.2[ let Oj (i = 1, . . . ,n) be a fixed collection of positive 
numbers such that ^ Oj = 1 and Xi, . . . ,Xn € M.^'^ be n distinct points. Set fi = Yl^=i ^i ^Xi G 
M and 

O = ly a,: (5.T;. : Zi, . . . , x„, G M^'^ are distinct 



f " 



Since smooth Hamiltonian diffeomeorphisms are one-to-one maps of M^^ it is clear that 
C^ij, ^ C>. Given any xi G M^"' \ {x2, ■ ■ ■ ,Xn} one can show that there exists a Hamiltonian 
diffeomorphism with compact support such that (j){xi) = Xi and 0(xj) = Xi for i ^ \. 
Thus, setting /i := Oi d^^ + Y^^=2 ^i ^Xi, we see that fi G O^. Repeating the argument n — 1 
times we conclude that O C 0^, so (9 = C^. 

Definition 6.9. Let /i G Ai. Consider the L^(/x)-closure HamXc of HaniA'c. We can 
restrict the operator div^ to this space; we will continue to denote its kernel Ker((iiw^). We 
define the symplectic tangent subspace at fi to be the space 

T^O ■.= HamXf/KeT{dw^) C L\ij)/Ker{diVf,). 

Recall from Remark 12.71 the identification tt^ : L^(/i)/Ker((izf^) —>■ T^M.. By restriction this 
allows us to identify T^O with the subspace n^^HamXc ) C T^M.. We define the pseudo 
symplectic distribution on Ai to be the union of all spaces HamXc , ioi fi E A4. It is a 
subbundle of TA4. We define the the symplectic distribution on A4 to be the union of all 
spaces T^O, ioi fi E A4. Up to the above identification, it is a subbundle of TA^. 

Remark 6.10. Recall that in general a Hilbert space projection will not necessarily map 
closed subspaces to closed subspaces. Thus it is not clear that n^i^Ham X^ ) is closed in 
T^Ai. On the other hand, the space T^O of Definition 16.91 has a natural Hilbert space 
structure. In other words, from the Hilbert space point of view the two notions of T^O 
introduced in Definition 16.91 are not necessarily equivalent. This is in contrast with the two 
notions of T^A^, cf. Definition 12.51 and Remark 12.71 

Remark 6.11. Formally speaking the symplectic distribution is integrable because it is the 
set of tangent spaces of the smooth foliation defined by the action of Q. 



Example 6.12. It is interesting to compare the space HamX^. to the subspaces defined 
by Decomposition 12. 5[ For example, let n = 6x. Recall from Example 12.81 that for any 
^ G L2(/i) there exists (^ G C^ such that ^{x) = V^(s). Thus VC^'' = L'^ifj.). Now 
choose any X G L'^if^) and apply this construction to ^ := JX. Then X{x) = —JViplx), 
so HamXc = L'^{^). This is the infinitesimal version of Example 16.81 In particular. 
Ham Xc" = WCf^\ 

The "opposite extreme" is represented by the absolutely continuous case /i = p£, for some 
p > 0. In this case if a Hamiltonian vector field is a gradient vector field, e.g. —JVv = Vu, 
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then the function u + iv is holomorphic on C^, so u and v are pluriharmonic functions on 
M^'^ in the sense of the theory of several complex variables. This is a very strong condition: 
in particular, it implies that u and v are harmonic. Thus HamA'c fl VC^ = {0}. 

We can also compare HamXc with Ker((iif^). When /i = 5x we saw in Example 12.81 
that Ker((iif^) = {0}, so HamXc fl Ker((izf^) = {0}. On the other hand, assume /i = 
pC for some p > 0. Then dw^{X) = pdiv{X) + (Vp, X). Choose X = —JVf. Then 
div{X) = so diVfj,{X) = iff (Vp, —JVf) = 0. Choosing in particular f = p shows that 
Ham A'c n Ker(rfif^) ^ {0}. 

We now want to show that each T^O has a natural symplectic structure; this will justify 
the terminology of Definition 16.91 We rely on the following general construction. 

Definition 6.13. Let (y,uj) be a symplectic vector space. Let W^ be a subspace of V. 
In general the restriction of cj to W^ will not define a symplectic structure on W because 
uj^ : W ^ W* will not be injective. However, set Z := {w E W : uj{w, ■)\w = 0}. Then cu 
reduces to a symplectic structure on the quotient space W/Z, defined by 

(^^([w], [w']) := uj{w,w'). 
In our case we can set V := L'^{p) and W := Ham X^ . The 2-form 

(6.6) ^^(X,F):= / uj{X,Y)dp 

defines a symplectic structure on L'^{p). The restriction of Q^ defines a 2-form 



fi^ : Ham Xc x Ham, Xc 



Notice that Vt^ is continuous in the sense of Definition 14.51 so f2^ can also be defined as the 
unique continuous extension of the 2-form 

(6.7) fi^ : HamAfc X Ham;fc-^M, nf,{Xf,Xg) := uj{Xf,Xg) dp. 
Notice also that, for any X E L^{p), 

(6.8) jouiX, Xf) dp=-J df{X) dp = {dtv,{X), f) 

so / uj(X, ■) dp = on Ham, X^ iff X G Ker((izu^). This calculation shows that the space Z 
of Definition 16.131 coincides with the space Ker((iif ^) fl Hami X^ . We can now define f2^ to 
be the reduced symplectic structure on the space T^O = W/Z. In terms of the identification 
7ifj_, this yields 

(6.9) Q^ : T^O X T^O ^ M, Q,{n^{Xf),7f^{Xg)) := j u{Xf,Xg) dp. 

Notice that ^2^ is not necessarily continuous in the sense of Definition 14.51 
Using Equation 16.51 we can also write this as 

fi^(7r^(X^), 7r^(X,)) = jujiJVf, JVg) dp = j g{JVf, Vg) dp. 
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We now want to understand the geometric and differential properties of Cl. It is simple to 
check that Q is ^-invariant, in the sense that 0*r2 = Q, for all (p & Q. Indeed, using Definition 
14.81 and Lemma [6.31 



{f°(p'^,9°<P'^}d(p#i^= / {f,g}o(f)-^d(l)^ii 

<■ jR2d 

= Qf,{Xf,Xg). 

It then follows that Q is also ^-invariant. 
Lemma 6.14. Given any X,Y, Z ^ HamXc, 

XVl{Y, Z) - YVl{X, Z) + ZVl{X, Y) - ^([X, Y],Z) + Vl{[X, Z],Y)- n{[Y, Z],X) = 0. 

Proof: Notice that Q{Y, Z) is a linear function on M. in the sense of Example 14.61 It is 
thus differentiable, cf. Example 14. 11^ and XVL(Y,Z) = J Xuj{Y, Z) dfi. It follows that the 
left hand side of the above equation reduces to J duj{X, Y, Z) dfi, which vanishes because u 
is closed. 

QED. 

This shows that Cl is differentiable and closed in the sense analogous to Definition 14. 12[ i.e. 
using Equation lA. 191 (or Equation lA. Ill) with k = 2 instead oi k = 1. Using the terminology 



of Section 14.21 we can say that Q is a closed pseudo linear 2-form defined on the pseudo 
distribution fi —^ Ham X^ of Definition 16.91 

Remark 6.15. As in Remark 16.101 it may again be useful to emphasize a possible misconcep- 
tion related to the identification vr^ : HamXc /'KeY{div^) ~ 'K^{HamXc ). One could also 
restrict Vt^ to the subspace W := 7r^(/7ar7i Xc ), obtaining a 2-form 

fi;(7r^(X;),7r^(X,)) = Jujin,iJVf),7r,iJVg))df^. 

It is important to realize that fl'^ does not coincide, under vr^, with ^2^. Specifically, Q'^ 
differs from Q^ in that it does not take into account the divergence components of Xf, Xg. 
In the framework of [5] it is more natural to work in terms of the space iTfj_{HamXc ) C 
Tfj^Ai than in terms of HamXc /'Kei{div^). From this point of view, the choice of ^2^ as a 
symplectic structure on T^O may seem less natural than the choice of VL' . The fact that 
VL^ is even well-defined on T^O follows only from Equation 16.81 Our reasons for preferring 
VL^ are based on its geometric and differential properties seen above. Together with Remark 
I6.im this shows that from a symplectic viewpoint the identification vr^ is not natural. 

We can now define the concept of a Hamiltonian flow on M. as follows. 

Definition 6.16. Let F : 7W — i> M be a differentiable function on M. with gradient V-F. 
We define the Hamiltonian vector field associated to F to be Xf{h) := 7r^(— JV-F). A 
Hamiltonian flow on A^ is a solution to the equation 



dt 



-diVf,^ {Xp 



DIFFERENTIAL FORMS ON WASSERSTEIN SPACE 45 

Let Xp be a Hamiltonian vector field. Choose any Y G T^O. We can then write Y = 
7T^{-JY), for some Y e VQ°''. Notice that 

Q,{Xf,Y) = Q,{VF,Y) = G,{VF,-JY) = G,{VF,Y) = dF{Y). 

This shows that Xp satisfies the analogue of Equation [6]2] along O, justifying the terminology 
of Definition 16. 161 We refer to [3] and to [25] for specific results concerning Hamiltonian fiows 
on M. 

6.3. Algebraic properties of the symplectic distribution. Regardless of Remarks 16. 101 
and I6.15[ from the point of view of [5J it is interesting to understand the linear-algebraic 
properties of the symplectic spaces {T^O.Vt^), viewed as subspaces 7i^{HamXc ) C T^A4. 
Throughout this section we will use this identification. We will mainly work in terms of the 
complex structure J on R^"^ and of certain related maps. This will also serve to emphasize 
the role played by J within this theory. The key to this construction is of course the 
peculiar compatibility between the standard structures g := (■, ■), u and J on M^'^, which we 
emphasize as follows. 

Definition 6.17. Let V^ be a vector space endowed with both a metric g and a symplectic 
structure u. Notice that there exists a unique injective A G EndiV) such that co'(-, ■) = 
g{A-^ ■). Using the isomorphism g'^ : V* ^ V induced hy g, A = g'^ o to so A is surjective iff 
u^ is an isomorphism. 

The fact that u is anti-symmetric implies that A is anti-selfadjoint, i.e. A* = —A. We 
say that {uj,g) are compatible if A is an isometry, i.e. A* = A~^. In this case A"^ = —Id, i.e. 
y4 is a complex structure on V. A subspace W ^ V is symplectic if the restriction of u to 
W defines a symplectic structure on W. In particular, if g and uj are compatible than any 
complex subspace of V is symplectic. 

The analogous definitions hold for a smooth manifold M endowed with a Riemannian met- 
ric g and a symplectic structure u. In general, given any function / on M, the Hamiltonian 
vector field Xf is related to the gradient field V/ as follows: Xf = A'^Vf. If g and u are 
compatible then Xf = — AV/. 

The standard structures g and uj on M^'^ are of course the primary example of compatible 
structures. Given any ^ & Ai, G^ and Vt^ (defined in Equations 12.41 and 16.61) are compatible 
structures on -L^(/i). In this case the corresponding automorphism is the isometry 

J : L2(/i) ^ L2(/i), (JA)(x) := J(X(x)). 



Example 6.18. Notice that HamXc = — J(T^Af). Thus HamXc is J-invariant iff T^A^ 
is J-invariant iff T^O = T^M.. In this case, 0^ = 0^ = VL' . Example 16.121 shows that this 
is the case if yU is a Dirac measure. Example 16.121 also shows that if /i = pC for some p > 
then the space V G^ is totally real, i.e. J(V G^) n V C,°° = Ham A'c n V C,°° = {0}. 

Our first goal is to characterize the orthogonal complement of the closure of T^O in T^M.. 
To this end, recall that any continuous map P : H ^ H on a Hilbert space H satisfies 
Im(P)-'- = Ker(P*), where P* : H ^ H is the adjoint map. This yields an orthogonal 
decomposition H = Im(P) © Ker(P*). 



Example 6.19. One example of such a decomposition is Decomposition I23| corresponding 
to the map P := vr^ defined on H := L'^{fJ,): in this case Im(P) is closed and tt^ is self-adjoint 
so Ker(P*) = Ker(7r^). 
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Another example is provided by the map P := tt^ o J, again defined on L^(/i). In this case 
P* = — JoTT^ and Im(P) = Im(7r^), Ker(P*) = Ker(7r^) so the decomposition corresponding 
to P again coincides with Decomposition [231 On the other hand, Im(P*) = — J(Im(7r^)) 
and Ker(P) = J'^(Ker(7r^)) = — J(Ker(7r^)) so the decomposition corresponding to P* is 
the (— J)-rotation of Decomposition [231 i.e. 

L\fi) = Im(P*) © Ker(P) = -J{VC^'") © -J{KeT{div^)). 

In other words, there exists an orthogonal decomposition 

(6.10) L^ifx) = Ham Af/ © Ker{7rf, o J). 

Lemma 6.20. For any ^ E M. there exists an orthogonal decomposition 



(6.11) T^M = T^O © Ker^^-K, o {-J))\t,m) 



In particular, the restriction of n^ o (—J) to T^O is infective. 

Proof: We introduce the following notation: given any map P defined on L'^{n), let P' 
denote its restriction to the closed subspace T^A^ = Im(7r^). 

Set P := TT^ o (—J). Then Im(P') C Im(7r^) so we can think of P' as a map P' : T^Ai — > 
Tf^-M, yielding a decomposition T^A4 = Im(P') © Ker(P'*). It is simple to check that 

P'* = {n, o P*)' = (tt^ o J o n,y = {n, o J)'. 

In particular, P' is anti-selfadjoint. This implies that Ker(P'*) = Ker(P') so 



T^M = Im(P') © Ker(P') = T^O © Ker(P'). 

QED. 

It follows from Lemma 16.201 that any element X E Tfj^O can be uniquely written as 
X = n^i-.JX), for some X E (Ker((7r,, o (-7)),^^^))^. 

Remark 6.21. Let P be a differentiable function on Ai and let Xp be the corresponding 
Hamiltonian vector field. It follows from Lemma 16.20! that Xp depends only on the compo- 
nent of VP tangent to T^O. Intuitively, this suggests that the corresponding Hamiltonian 
fiow should depend only on the restriction of P to O. 

Example 6.22. Let P' denote the restriction of vr^ o (—J) to T^M.. It follows from Example 
16.121 that if /i = (5a; then the map P' is an isomorphism of T^M.. If instead /i = pC for some 
p > then P' is neither injective nor surjective. 

Lemma 6.23. For any p E M. the map 

is a (non- continuous) isomorphism. 

Proof: Given any X,Y E T^O, we can write X = 7r^(— JX), Y = ^^{—JY) for some 
X,Y eT^M. Then 

n,{X, Y) = fi^(X, Y) = G^{X, -JY) = G,{X, Y) < \\X\\^ ■ \\Y\\^. 

This proves that fij, is well-defined, i.e. that Vt^^{X) E (T^O)*. 

Assume n^{X,Y) = for all Y E T^O. Then, as above, G^{X,Y) = for all Y E T^O 
so X G (T^O)^. It follows from Lemma [6.201 that X = so fi^ is injective. 
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Now choose A G (T^O)*. Since (T^O)* = (T^)*, there exists X G T^ such that 
A = G^{X, ■). Set X := 7r^(-JX) E T^O. Then 

A(r) = G,{X,n,{-JY)) = G,{X, -JY) = Q,{X,Y) = Q,{X,Y). 

This shows that fi^ is surjective. QED. 



Remark 6.24. Lemma 16.201 shows that the map tt^ o (— J) : T^(9 -^ T^O is invertible. 
Its inverse is related to the notions introduced in Definition 16.171 as follows. We can use 
the isomorphism {T^O)* ~ T^O induced by G^ to define a (non-continuous) isomorphism 
A : T^O -^ T^ such that Q^{-, ■) = G^{A-, ■) on T^C Notice that 

G,{AX, Y) = Q^{X, Y) = Q,{X, Y) = G,{X, Y), 

where we use the notation introduced in the proof of Lemma [6.231 This shows that AX = X 

so A~^ = T^fiO ( — J). 

If /i is a Dirac measure it is clearly the case that G^ and Vt^ are a compatible pair in the 
sense of Definition 16. 171 This amounts to stating that (tt^j o {—J)Y = —Id on T^O. It is not 
clear if this is true in general, even under the additional assumption that T^O = T^O. 

7. The symplectic foliation as a Poisson structure 

Most naturally occurring symplectic foliations owe their existence to an underlying Poisson 
structure. The symplectic foliation described in Section 16.21 is no exception. The existence 
of a Poisson structure on a certain space of distributions was pointed out in [33j. It stems 
from the fact that the symplectic structure on M^*^ adds new structure into the framework of 
Section [331 The goal of this section is to show that, reduced to Ai, this Poisson structure 
coincides with the symplectic structure Q defined in Section 16.21 We achieve this in Section 
17.21 after briefiy reviewing the relevant notions. We refer to [32j for many details. 

7.1. Review of Poisson geometry. Recall from Section EH] that any symplectic structure 
cu on a manifold M induces a Lie bracket on the space of functions G'^{M). Using the 
Liebniz rule for the derivative of the product of two functions, we see that the corresponding 
operators {■, /i} have the following property: 

{fg, h} = d{fg){Xf,) = df{Xf,)g + dg{X,,)f = {/, h}g + {g, h}f. 

This leads to the following natural "weakening" of Symplectic Geometry. 

Definition 7.1. Let M be a smooth manifold. A Poisson structure on M is a Lie bracket 
{■, ■} on C°°(M) such that each operator {■, Z^} is a derivation on functions, i.e. 

{fg,h} = {f,h}g + {g,h}f. 

A Poisson manifold is a manifold endowed with a Poisson structure. 

On any finite-dimensional manifold it is known that the space of derivations on functions 
is isomorphic to the space of vector fields. Thus on any Poisson manifold any function h 
defines a vector field which we denote X^: it is uniquely defined by the property that 

dfiX,) = {f,h}, WfeG^iM). 
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We call Xh the Hamiltonian vector field defined by h. As in Section [GTTl this process defines 
a map 

(7.1) C^{M)^ X{M), f^Xf. 

The kernel of this map includes the space of constant functions, but in general it will be 
larger. We call these the Casimir functions of the Poisson manifold. Its image defines the 
space Ham(M) of Hamiltonian vector fields. Lemma 16741 applies with the same proof to show 
that the map of Equation 17.11 is a Lie algebra homomorphism (up to sign). 

At each point x G M, the set of Hamiltonian vector fields evaluated at that point define 
a subspace of T^M. The union of such subspaces is known as the characteristic distribution 
of the Poisson manifold. This distribution is integrable in the sense that M admits a smooth 
foliation such that each subspace is the tangent space of the corresponding leaf. In particular 
each leaf has a well-defined dimension, but this dimension may vary from leaf to leaf. Each 
leaf has a symplectic structure defined by setting 

(7.2) ujiXf,X,):={f,g}. 

Remark 7.2. Notice that for any given Hamiltonian vector field Xf, the corresponding func- 
tion / is well-defined only up to Casimir functions. It is however simple to check that u; is a 
well-defined 2-form on each leaf, i.e. it is independent of the particular choices made for / 
and g. It is also non-degenerate. The fact that u is closed follows from the Jacobi identity 
for {-,■}. 

Remark 7.3. Notice that the definition of a Poisson manifold does not include a metric. Thus 
there is in general no intrinsic way to extend tu to a 2-form on M. 

The following result is standard. 

Proposition 7.4. Any Poisson manifold admits a symplectic foliation, of varying rank. 
Each leaf is preserved by the flow of any Hamiltonian vector field. Any Casimir function 
restricts to a constant along any leaf of the foliation. 

Poisson manifolds are of interest in Mechanics because they provide the following gener- 
alization of the standard symplectic notion of Hamiltonian fiows. 

Definition 7.5. A Hamiltonian flow on M is a solution of the equation d/dt{xt) = Xf{xt), 
for some function / on M. 

It follows from Proposition 17.41 that if the initial data belongs to a specific leaf, then the 
corresponding Hamiltonian fiow is completely contained within that leaf. It is simple to 
check that if Xt is Hamiltonian then / is constant along xt- 

The theory of Lie algebras provides one of the primary classes of examples of Poisson 
manifolds. To explain this we introduce the following notation, once again restricting our 
attention to the finite-dimensional case. Let V^ be a finite-dimensional vector space, whose 
generic element will be denoted v. Let V* be its dual, with generic element 0. Let V** 
be the bidual space, defined as the space of linear maps V* —>■ M. We will think of this as 
a subspace of the space of smooth maps on V*, with generic element / = f{4>). We can 
identify V with V** via the map 

(7.3) V^V*\ t; H^ /, where /,(0) := 0(t;). 

Now assume V^ is a Lie algebra. We will write V = q. Consider the vector space g* dual to 
Q. We want to show that the Lie algebra structure on g induces a natural Poisson structure 
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on g*. Let / be a smooth function on g*. Its linearization at is an element of the bidual: 
dfirj} € 0**- It thus corresponds via the map of Equation 17.31 to an element Sf/6(j)\if, G g. We 
can now define a Lie bracket on g* by setting: 

(7.4) {f,g}i<P):=<P{[Sf/S<P^^,5g/S^^^]), 

where [•, •] denotes the Lie bracket on g. One can show that this operation satisfies the 
Jacobi identity and defines a Poisson structure on g*. 

Example 7.6. Assume / is a linear function on g*, f = fv (as in Equation 17. 3p . Then 

6f/6(j) = V, so {/^, /u,}(0) = (j){[v, w]). 

We now want to characterize the Hamiltonian vector fields and symplectic leaves of g*. 
Unsurprisingly, this is best done in terms of Lie algebra theory. Every finite-dimensional Lie 
algebra is the Lie algebra of a (unique connected and simply connected) Lie group G. Recall 
from Section [A. 21 the adjoint representation of G on g, 

G -^ Aut{g), g t-^ Adg. 

Differentiating this defines the adjoint representation of g on g, 

(7.5) ad : g ^ End{g), v = d/dt{gt)\t=o ^~^ o-dv '■= d/dt{AdgJ\t=o. 

It follows from Lemma [A. 121 that ady{w) = [v,w]. 

By duality we obtain the coadjoint representation of G on g*, 

G^Aut{g*), g^{Adg-iy. 

Notice that once again we have used inversion to ensure that this remains a group homo- 
morphism, cf. Remark I A. 9 [ We can differentiate this to obtain the coadjoint representation 
of g on g*, which can also be written in terms of the duals of the maps in Equation 17. 5t 

(7.6) ad* : g -^ End{g*), v i-^ {—ad^)*. 
The following result is standard, cf. e.g. [32j Formula 10.7.4. 

Lemma 7.7. The Hamiltonian vector field corresponding to a smooth function f on g* is 

Xfi4>) ■■= (-a4//5</,|J*(0)- 
Thus the leaves of the symplectic foliation of g* are the orbits of the coadjoint representation. 

7.2. The symplectic foliation of A^, revisited. Following [33] we now apply the ideas 
of Section m\ to the case where g is the Lie algebra of Hamc(M^°'). Since this is an infinite- 
dimensional algebra, the following discussion will be purely formal. 

We saw in Remark 16.21 that g can be identified with the space of compactly-supported 
functions: 

(7.7) C,°°(M2<i)~HamA',(M2'i), f ^ Xf. 

Its dual is then the distribution space (C^)*. Section [7?T] suggests that (C^)* has a canon- 
ical Poisson structure, defined as in Equation 17.41 We can identify the Poisson bracket, 
Hamiltonian vector fields and symplectic leaves on (C^)* very explicitly, as follows. 

For simplicity let us restrict our attention to the linear functions on (C^)* defined by 
functions / G C^ as follows: 

(7.8) Fj:{C^y^R, F^(^):=(/i,/). 
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Example 17.61 shows that the Poisson bracket of two such functions Ff and Fg can be written 
in terms of the Lie bracket on C^ : 

(7.9) {Ff,Fg]i^cMl^) = (/^,{/,^}r-) = {fi,ujiXf,Xg)). 

Lemma 17.71 gives an exphcit formula for the corresponding Hamiltonian vector fields Xp : 
at /. e (Cr)*, X^//i) e T^iC^y = {C^y is given by 

{XF^{n),g) = {{-adfy{^),g) = {fi,-adf{g)) = {fi, -{f,g}K2d) = {fi,dg{Xf)) 
= -{div^{X}),g). 

In other words, Xp^{fi) = —div^{Xf). 

Lemma 17.71 also shows that the leaves of the symplectic foliation are the orbits of the 
coadjoint representation of Hamc(M^'^) on (C^)*. Let us identify the coadjoint representation 
explicitly. Recall from Lemma [A. 191 that the adjoint representation of Hamc(M^'^) on Ham A'c 
is the push-forward operation. Lemma [6.31 shows that, under the isomorphism of Equation 
17. 7[ push-forward becomes composition. Thus the adjoint representation of Hamc(]R^°') on 
Ham A'c corresponds to the following representation of Hamc(]R^'^) on C^(]R^'^): 

(7.10) Ad ■ Ham,(M2<i) -^ Aut{C^ {^^'^)) , Ad^f) := / o 0-i. 

The following calculation then shows that the coadjoint representation of Hamc(]R^'^) on 
{C^y is simply the natural action of Hamc(M^'^) introduced in Section [3^ 

{{Ad^-iyif^), f) = (/., Ad^-i{f)) = (/i, / o 0) = (0 . /,, /). 

The symplectic structure on each leaf is given by Equation 17.21 

(7.11) u;,{-dtv,{Xf),-dtv,{Xg)) := {Ff,Fg}^cMf^) = {f^,uj{Xf,Xg)). 

Remark 7.8. Notice that Poisson brackets and Hamiltonian vector fields are of first order 
with respect to the functions involved. We can use this fact to reduce the study of general 
functions F : (C^)* — i> M to the study of linear functions on (C^)*, as presented above. For 
example if V^F = V^Fy, for some linear Ff as above, then Xpi^fi) = Xp^^fi). 

Let us now restrict our attention to TW C (C^)*. We want to show that the data defined 
by the Poisson structure on (C^)* restricts to the objects defined in Section W2[ Firstly, 
Ai is Hamc(M^'^)-invariant and the action of Hamc(M^'^) on (C^)* restricts to the standard 
push-forward action on Ai. This shows that the leaves defined above, passing through Ai, 
coincide with the ^-orbits of Section [6^ Now recall from Section [3l3] that, given /i G Ai, 
the operator —div^ is the natural isomorphism relating the tangent planes of Definition 12.51 
to the tangent planes of A^ C (C^)*. Equation 17.111 can thus be re-written as 



ujf,{TTf,{Xf),7Tf,{Xg)):= uj{Xf,Xg)dfi, 

showing that the symplectic structure defined this way coincides with the symplectic form 
Qfj, defined in Equation 16. 9[ To conclude, we want to show that the Hamiltonian vector 
fields introduced in Definition 16.161 formally coincide with the Hamiltonian vector fields of 
the restricted Poisson structure. Let F : At ^ M. he a differentiable function on At. Fix 
fi E At. Up to L^-closure, we can assume that V^F = V/, for some / G C^(M?'^). Example 
14.111 shows that V/ = V^Ff, where Ff is the linear function defined in Equation 17. 8[ Using 
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Remark I7.8[ the Hamiltonian vector of F at /i defined by the Poisson structure is thus 
Xf{ij) = XpfifJ.) = —diVfj,{Xf). In terms of the tangent space T^M, we can write this as 

(7.12) X^(/i) = rt^iXf) = 7r^(-JV/) = 7r^(-JV^F). 

It thus coincides with the vector field given in Definition 16.161 

Remark 7.9. The identification of (C^)* with the dual Lie algebra of Hamc(]R^'^) relied on 
the normalization introduced in Remark l6.2[ In turn, this was based on our choice to restrict 
our attention to diffeomorphisms with compact support. In some situations one might want 
to relax this assumption. This would generally mean losing the possibility of a normalization 
so Equation 16.31 would leave us only with an identification Ham A" ~ C°°(M)/M. Dualizing 
this space would then, roughly speaking, yield the space of measures of integral zero: we 
would thus get a Poisson structure on this space but not on M. . However this issue is purely 
technical and can be avoided by changing Lie group, as follows. 

Consider the group G of diffeomorphisms on M^^'xR preserving the contact form dz—y^dx\ 
It can be shown that its Lie algebra is isomorphic to the space of functions on M^"' x M 
which are constant with respect to the new variable z: it is thus isomorphic to the space 
of functions on R^'^, so the dual Lie algebra is, roughly, the space of measures on R^'^; 
in particular, it contains A^ as a subset. This group has a one-dimensional center Z ~ R, 
defined by translations with respect to z. The center acts trivially in the adjoint and coadjoint 
representations, so the coadjoint representation reduces to a representation of the group 
G/Z, which one can show to be isomorphic to the group of Hamiltonian diffeomorphisms 
of R^'^. The coadjoint representation of G reduces to the standard push-forward action of 
Hamiltonian diffeomorphisms, and the theory can now proceed as before. 

Appendix A. Review of relevant notions of Differential Geometry 

The goal of the first two sections of this appendix is to summarize standard facts concerning 
Lie groups and calculus on finite-dimensional manifolds, thus laying out the terminology, 
notation and conventions which we use throughout this paper. We refer to [26] and [32] 
for details. The third section introduces the notion of invariant cohomology. The point of 
view adopted here might be new. It provides useful analogies for the notion of "pseudo 
forms" introduced in Section 14. 2[ The fourth section provides some basic facts concerning 
the infinite-dimensional Lie groups relevant to this paper. 

A.l. Calculus of vector fields and differential forms. Let M be a connected differen- 
tiable manifold of dimension D, not necessarily compact. Let Diff(M) denote the group of 
diffeomorphisms of M. Let G°°{M) denote the space of smooth functions on M. Let TM 
denote the tangent bundle of M and X{M) the corresponding space of sections, i.e. the 
space of smooth vector fields. Let T*M denote the cotangent bundle of M. To simplify 
notation, A'^M will denote both the bundle of k-forms on M and the space of its sections, 
i.e the space of smooth k-forms on M. Notice that A°(M) = C°°(M) and A^M = T*M (or 
the space of smooth 1-forms). 

Let (f) G Diff(M). Taking its differential yields linear maps 

(A.l) V(j):T^M ^T^^^)M, v^V(j)-v, 

thus a bundle map which we denote V0 : TM -^ TM. We will call V0 the lift of to 
TM. 
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By duality we obtain linear maps 

and more generally k-multilinear maps 

(A.2) (V0)* : A5(,)M -. A^M, a ^a(V0 -,..., V0-)- 

This defines bundle maps (V0)* : A^-'M -^ K^M which we call the lift of (j) to A^M. 

Remark A.l. Notice the different behaviour under composition of diffeomorphisms: V(0 o 
tp) = V0 o V'?/' while (V(0 o ip))* = (Vip)* o (V0)*. We will take this into account and 
generalize it in Section IA.2I via the notion of left versus right group actions. 

We can of course apply these hfted maps to sections of the corresponding bundles. In doing 
so one needs to ensure that the correct relationship between T^M and T^^^M is maintained; 
we emphasize this with a change of notation, as follows. 

The push-forward operation on vector fields is defined by 

(A.3) 0, : A'(M) ^ A'(M), 0,X:=(V0-X)o0-i. 

The corresponding operation on k-forms is the pull-back, defined by 

(A.4) 0* : A\M) ^ A\M), (f)*a := ((V0)*a) o 0. 

Definition A.2. Let V be a vector space. A bilinear anti-symmetric operation 

V X V ^ V, {v,w) \-^ [v, w] 

is a Lie bracket if it satisfies the Jacobi identity 

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0. 

A Lie algebra is a vector space endowed with a Lie bracket. 

The space of smooth vector fields has a natural Lie bracket. Given two vector fields X, Y 
on M, we define [X, Y] in local coordinates as follows: 

[X,Y] ■.= VY -X -VX-Y. 

It is simple to show that this operation indeed satisfies the Jacobi identity. Let 0t denote 
the flow of X on M^, i.e. the 1-parameter group of diffeomorphisms obtained by integrating 
X as follows: 

(A.5) d/dt{<Pt{x)) = X(0i(x)), 0o(a;) = x. 

It is then simple to check that 

(A.6) [X, Y] = -d/dt{(t>uY)\t=^ = d/dt{ct>.uY)\t=^ = d/dt{{ct>i\Y)\t=o. 

Equation IA.6I gives a coordinate- free expression for the Lie bracket. It also suggests an 
analogous operation for more general tensor fields. We will restrict our attention to the case 
of differential forms. 

Let a be a smooth k-form on M. Let X, 0t be as above. We define the Lie derivative of 
a in the direction of X to be the k-form defined as follows: 

(A. 7) CxOi := d/dt{(j)1a)\t=o- 

The fact that t i-^ 0^ is a homomorphism leads to the fact that d/dt{(j)^a)\t=to = 4'toi^x'^)- 
Thus Cxd = if and only if 0^0 = a, i.e. (pt preserves a. This can be generalized to 
time-dependent vector fields as follows. 
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Lemma A. 3. Let Xt he a t-dependent vector field on M . Let (pt = <Pt{x) be its flow, defined 
by 

(A.8) d/dt{(t)t{x)) = Xt(0t(x)), Mx) = X. 

Let a be a k-form on M. Then d/dt{(f)la)\to = (pl^iCxt ct)- IiT' particular, (p^a ^ a iff 
Lxt<^ = 0. 

Proof: For any fixed s, let ip^ be the flow of Xg, i.e. 

d/dt^x)) = x^irtix)), roix) = X. 

Then ipl" o (p^^ (x) satisfies 

d/dt{tljl° o 0t„(x))|i=o = Xt^Mt^i^)), ^0° o 04j,(x) = (pt^ix) 
so ipt° ° 0to (^) at t = and 0^ at t = to coincide up to first order, showing that 

d/dt{<p;a)\t=t, = d/dtM^' o 0ij*«)|i=o = <pi{d/dtMr(^)\t=o) = (PU^x^o"^). 

QED. 

Notice that if we define (p*Y := (0^^)^,y and we define CxY := d/dt{(plY)\t=o, then 
Equation IA.6I shows that CxY = l^,'^]- 

Remark A. 4. Various formulae relate the above operations, leading to quick proofs of useful 
facts. For example, the fact 

(A.9) Cix,Y]0^ = CxiCya) - CyiCxa) 

shows that if the flows of X and Y preserve a then so does the flow of [X, Y]. Also, 

(A.IO) (p*Cxa = C^*x(p*a. 

Remark A. 5. Notice that CxY is not a "proper" directional derivative in the sense that it is 
of first order also in the vector field X. In general the same is true for the Lie derivative of 
any tensor. The case of 0-forms, i.e. functions, is an exception. In this case Cxf = df{X) 
is of order zero in X and coincides with the usual notion of directional derivative. We will 
often simplify the notation by writing it as Xf. 

We now want to introduce the exterior differentiation operator on smooth forms. Let a 
be a k-form on M. Fix any point x & M and tangent vectors Aq, . . . , A^ G TxM. Choose 
any extension of each Xj to a global vector field which we will continue to denote Xj. Then, 
at X, 

k 

(A.ll) rfa(Ao, . . . , Afc) := ^(-l)^A,a(Ao, . . . , A„ . . . , A^) 

i=o 

+ 5^(-iy+'a([A,-,Az],Ao,...,A„...,A,,...,Afc) 

where on the right hand side the superscript " denotes an omitted term and we adopt the 
notation for directional derivatives introduced in Remark IA.5I 
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Lemma A. 6. da is a well-defined (k+l)-form, i.e. at any point x E M it is independent of 
the choice of the extension. Exterior differentiation defines a first-order linear operator 

(A. 12) d:A^M ^ K^+^M 

satisfying d o d = 0. 

Remark A. 7. It is not clear from the above definition that da is tensorial in Xq, . . . , A^, 
i. e. that it is independent of the choice of extensions. The point is that cancelhng occurs 
to ehminate the first derivatives of Xj which appear in Equation lA.llI This is the main 
content of Lemma IA.61 which is proved by showing that Equation lA.llI is equivalent to the 
usual, local-coordinate, definition of da. For example, let a = '^^^^ai{x)dx^ be a smooth 

1-form on M^. Then da = X]}<i ( f^ ~ a^ ) ^^'^ ^ '^^*- ^^ ^^ identify a with the vector field 
X -^ (ai(x), ■ ■ ■ , aDix)f then da{X, Y) = ((Va - Va^)A, Y). 

Given a k-form a and a vector field A, let ixOi denote the (k-l)-form a{X, -,...,■) obtained 
by contraction. Then the Lie derivative and exterior differentiation are related by Cartan's 
formula: 

(A. 13) Cxd = dix(x + ixda. 

A. 2. Lie groups and group actions. Recall that a group G is a Lie group if it has the 
structure of a smooth manifold and group multiplication (respectively, inversion) defines a 
smooth map G x G ^ G (respectively, G ^ G). We denote by e the identity element of G. 

Definition A. 8. We say that G has a left action or acts on the left or, more simply, acts 
on a smooth manifold M if there is a smooth map 

G X M ^ M, {g,x) ^ g -x 

such that g-{h-x) = {gh)-x. To simplify the notation we will often write gx rather than g-x. 
It is simple to see that if G has a left action on M then every g E G defines a diffeomorphism 
of M. More specifically, the action defines a group homomorphism G — * Diff(M). 

We say that G has a right action or acts on the right on M if the opposite composition 
rule holds: g ■ {h ■ x) = kg ■ x. In this case it is standard to change the notation, writing x ■ g 
rather than g ■ x: this makes the composition rule seem more natural but does not affect the 
substance of the definition, i.e. the fact that the induced map G — > Diff(M) is now a group 
anti- homomorphism. 

Remark A. 9. Notice that any left action induces a natural right action as follows: x ■ g : = 
g~^ ■ X. Conversely, any right action induces a natural left action: g ■ x := x ■ g~^. 

For any group action we can repeat the constructions of Equations lA.ll and IA.2[ For 
example a left action of G on M induces a lifted left action of G on TM as follows: 

GxTM ^TM, g{x,v):={gx,Vg-v). 

However, we need to apply the trick introduced in Remark IA.9I to obtain a coherent lifted 
action on T*M or K^M . For example we can define a lifted left action by setting 

GxA'^M^A'^M, g{x,a):={gx,{Vg-ya) 

or a lifted right action by setting 

G X K^M -^ A^M, g{x, a) := {g-^x, {Vg)*a). 
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We can also repeat the constructions of Equations IA.3I and IA.4I We thus find an induced 
action of G on vector fields, defined by 

(A.14) Gx X{M)^ X{M), g-X:=g^X. 

Likewise, there is an induced action of G on k-ioims. On the other hand, with respect to 
Section lA.ll there now exists a new operation, as follows. Choose v = d/dt{gt)\t=o G T^G. 
For any x G M we can define the tangent vector v{x) := d/dt{gfx)\t=Q- This defines a global 
vector field v on M, called the fundamental vector field associated to v. We have thus built 
a map TeG ^ X{M). 

Let us now specialize to the case M = G. Any Lie group G admits two natural left 
actions on itself. Studying these actions leads to a deeper understanding of the geometry of 
Lie groups, thus of group actions. The first action is given by left translations, as follows: 

L:GxG^G, {g,h)^Lg{h):=gh. 

Let e G G denote the identity element. Fix v = d/dt{gt)\t=o G TgC. The differential 
VLg maps TgG to TgG. We may thus define a global vector field X^ on G by setting 
Xy{g) := VLg ■ V = d/dt{ggt)\t=Q. This vector field has the property of being left-invariant 
with respect to the action of G, i.e. Lg^Xy = X^. Viceversa, any left-invariant vector field 
arises this way. 

Lemma A. 10. The set of left-invariant vector fields is a finite dimensional vector space 
isomorphic to T^G. The Lie bracket of left-invariant vector fields is a left-invariant vector 
field. 

It follows from Lemma [A. 101 that TgG admits a natural operation [v, w] such that X[^ „,] = 
[X^,X^]. It follows from the Jacobi identity on vector fields that T^G equipped with this 
structure is a Lie algebra: we call it the Lie algebra of G and denote it by q. 

Remark A.ll. Given any v G TgG, we have now defined two constructions of a global vector 
field on G associated to v. the fundamental vector field v and the left-invariant vector field 
Xy. It is simple to check that v is invariant with respect to the right translations 

R:GxG^G, {g,h)^ Rg{h) := kg. 

This implies that the space of fundamental vector fields coincides with the space of right- 
invariant vector fields. The analogue of Lemma lA.lOl holds for right-invariant fields and can 
be used to define a second Lie bracket on T^G. It can be checked that this new bracket is 
simply the negative of the old one, i.e. the two brackets differ only by sign. 

The second action of G on itself is the adjoint action defined by the inner automorphisms 
Ig{h) := ghg~^. Each of these fixes the identity and thus defines a map 

(A. 15) Adg ■.= VIg: TeG -^ TeG, 

i.e. an automorphism of T^G. In other words the adjoint action of G on G induces a left 
action of G on T^G called the adjoint representation of G. 

The adjoint representation of G provides a useful way to calculate Lie brackets on q, as 
follows. 

Lemma A. 12. Fix v,w E Q. Assume v = d/dt{gt)\t=o for some gt G G. Then [v,w] = 
d/dt{AdgXw))\t=o- 
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Proof: Assume w = d/ds{hs)\s=o- By definition, 

(A.16) d/dt{AdgXw))\t=o = d/dtd/ds{gthsg^'^)\t,s=o- 

Notice that 

(A.17) X,{g) = VLg{v) = d/dt{ggt)\t=o = d/dt{RgXg))\t=^- 

In particular this shows that, for t = 0, Rg^ coincides with the flow of X^ up to first order. 
Thus 

[v,w] = (£x„^^)|e = d/dt{{RgJ*X^)ie-t=o = d/dt{{Rg-i)^X,^)ie;t=o 

= d/dt{{V Rg-i)\g^X,a,\g,)\t=o = d/dt{{VRg-i)\g,d/ds{gths)\s=o)t=o 
= d/dtd/ds{gthsgr^)\s,t=o- 

QED. 

Remark A. 13. It is sometimes useful to distinguish the vector space TgC from the Lie algebra 
g, so as to distinguish between maps or constructions which involve the Lie bracket and those 
which do not. Our notation will sometimes refiect this. 

For example, assume G has a left action on M. One can then show that the construction of 
fundamental vector fields defines a Lie algebra anti-homo morphism g -^ X{M). Analogously 
one can show that every Adg is an automorphism of g, i.e. it preserves the Lie algebra 
structure: Adg{[v,w]) = [Adg{v),Adg{w)]. 

Let us now return to the general case of a Lie group acting on a manifold M. We can apply 
the above information on the geometry of Lie groups to develop a better understanding of 
the geometric aspects of the group action. 

Definition A. 14. Assume G acts on M. Fix x G M. The orbit of x in M is the subset 

0^:={g-x:geG}CM. 

Notice that Ogx = Ox- The stabilizer of x in G is the closed subgroup 

Gx '■= {g ^ G : g ■ X = x} C G. 

This is again a Lie group. We denote its Lie algebra Qx'- it is a subalgebra of g. It is simple 
to check that Ggx = IgiGx) = g • Gx ■ g~^ and that Qgx = Adg{gx)- 

We say that a subset (9 C M is an orbit of the action ii O = Ox, for some x G M. 



The differential geometry of an orbit can be studied via the theory of homogeneous man- 
ifolds, i. e. manifolds obtained as quotients of Lie groups, as follows. 

Lemma A. 15. Let G be a Lie group and H be a closed subgroup. Then: 

(1) The quotient space G/H has a natural smooth structure such that the projection 
IT : G ^ G/H is a smooth map. The differential Vtt : T^G -^ T[e]{G/H) is surjective 
with kernel T^H so it yields an identification T[g]{G/H) ~ TeG/T^H . 

(2) Left multiplication defines a natural action of G on the manifold G/H such that n is 
G-equivariant. Choose v G TeG. Then the corresponding fundamental vector field on 
G/H, evaluated at [e], coincides with Vtt{v). 
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(3) Now assume G acts on a manifold M. Choose x & M and set H := G^- Then 
the group action defines a smooth 1:1 equivariant immersion (not necessarily an 
embedding) 

j:G/H^M, j{[g]):=g.x 
with image O^- Using this immersion we can thus identify O^ with G/G^- 

Lemma IA.15I identifies the geometry of Ox witfi tlie geometry of the homogeneous space 
G/Gx- The choice of point x plays an important role in this identification. However, given 
an orbit (9 of G in M, the choice of a; G O is not canonical. Furthermore, given any other 
point y E O, the choice oi g & G such that y = gx is also not unique. The following lemma 
shows how things change under different such choices. 

Lemma A. 16. Let G be a Lie group and H be a closed subgroup. Choose g & G and let 
Ig denote the corresponding inner automorphism of G. It is simple to check that setting 
[Ig]{[k]) := [Ig{k)] yields a well-defined commutative diagram 

G — ^ G 



G/H -^ G/gHg-' 

Now assume G acts on M. Choose an orbit O and points x,gx G O. Set H := Gx so that 
we can identify G/H ~ Ox, G/gHg^^ ^ Ogx- In terms of these identifications, the map 
[Ig] corresponds to the map g : Ox -^ Ogx- Taking the differential of the maps in the above 
diagram thus leads to the commutative diagram 

T^G ^^ T,G 



TxO -^ TgxO 

where the vertical maps are those defined by the construction of fundamental vector fields. 

Proof: Choose any k E G. The identification j : G/Gx — Ox implies [/c] ~ fc ■ x. Using the 
analogous identifications for gx we find 

[^s](W) = [akg^^] ^ gkg'^ ■ gx = g{k ■ x). 

This proves that under these identifications [Ig] corresponds to g. Now choose v = d/dt{gt)\t=Q ^ 
TeG. Then, using the identification G/Gx — Ox, 

V7r(f ) = d/dt{iT{gt))\t=o = d/dt{[gt])\t=o = d/dt{[gt ■ e])\t=Q = d/dt{gt ■ [e])\t=o 
^ d/dt{gfx)\t=o. 

This proves that V7r(f) corresponds to v{x), where v is the fundamental vector field on Ox 
defined by v. QED. 
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A. 3. Cohomology and invariant cohomology. Let M be a manifold. Recall that the 
de Rham cohomology groups of M are defined as the quotient spaces 

, _ Ker(^ : A^(M) ^ A^+HM)) 

^ ' ^ • \m{d : k^-\M) -^ k\M)) ' 

Given an action of a group G on M , one can restrict one's attention to the space of k-forms 
which are invariant under the action of G. An analogous construction then leads to the 
definition of the invariant de Rham cohomology groups of the pair (M, G), cf. e.g. [11] 
Section V.12. For our purposes it is sufficient to only consider pairs of the form {G,H), 
where if is a closed subgroup of G acting via right multiplication, i.e. Rh{g) '■= gh. The 
construction is then as follows. 

Consider the space of if -invariant k-forms on G, 

A\G^) := {a e A^G) : R^a = a, V/i G H}. 

Notice that the standard exterior differentiation operator d on A^(G) is ii-equivariant, i.e. 
d{R\a) = Rl{da). It thus restricts to an operator 

d : A''{G^) -^ A''+\G"), 

defining the invariant cohomology groups 

rrkfrH.j.^ .= Ker(rf:A^(G^)^A^+^(G^)) 
^ ' ^ • Im(rf : Afc-i(G'^) ^ A'=(G^)) ' 

There is a natural relationship between the invariant cohomology of the pair {G, H) and 
the cohomology of the manifold G/H, as follows. The projection it : G -^ G/H satisfies 
TT o Rj^ = 7T. This implies that the pull-back operation induces injections 

(A.18) TT* : A'=(G/ii) ^ A'=(G^). 

Since vr* commutes with d it defines homomorphisms between the corresponding cohomology 
groups 

TT* : H\G/H- R) -^ H\G^- M), 7r*[a] := [vr^a]. 

In the special case fc = 1, this map is an injection. Indeed, given [a] G H^{G/H] M), assume 
7i*[a] = 0. Then 7i*a G A^(G^) is exact, i.e. ■K*a = df for some / G A^{G/H). However it is 
clear that Equation lA. 181 is an isomorphism for k = 0, i.e. / = tt*/' for some /' G A^{G/H). 
Thus 71* {a — df) = so a = df, i.e. [a] = 0. 

Now assume given a left action of G on a manifold M. Choose an orbit O of this action. 
According to Lemma IA.151 O is a smooth submanifold of M. Choosing x E O allows us 
to define the invariant cohomology of the pair {G,Gr^). Using the point y = gx leads us 
instead to the invariant cohomology of the pair {G,Gy). We can use Lemma [A. 161 to build 
isomorphisms between these groups. In this sense, these cohomology groups depend only on 
O. It thus makes sense to look for a construction of cohomology groups which is independent 
of the choice of point. This can be done as follows. 

Consider the set of smooth maps from O into the vector space A'^(g), 

A'=(O;g):=G°°(O,A'=(0)). 
Notice that, given a G A''{0; q) and w G g, we obtain by contraction an element 

i^a ■.= a{v, ■,...,■) eA''-\0;Q). 
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Likewise, given vi, . . . ,Vk & Q, iterated contractions define an element 
For any given vq, ■ ■ ■ ,Vk & Q it thus makes sense to define 
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^Vja{vo, 



(A.19) da{vo,...,Vk):=J2(-^ 

j=0 



.^i. 



.Vk) 



(^[-[Vj,Vl\,Vo, 



...,Vj, 



.Vi,...,Vk) 



where [■, ■] denotes the Lie bracket on g, the superscript " denotes an omitted term and Vi 
denotes the fundamental vector field associated to Vi. One can check (or it follows from 
Proposition IA.17I) that da G A'^+^((9;g) and that d{da) = 0. We thus obtain cohomology 
groups 

, ^ Ker(rf:A^(0;g)^A^'+^(0;0)) 

^ '^^- Im(rf:A'=-i(0;g)^A^(0;g))- 

Now recall that, for any x e (9, Lemma IA.15I defines a projection g — > T^O. Dually, this 
implies that there exist natural injections A^iT^O) -^ A'^(g). We can use these to define 
injections 



(A.20) 



A^(C) ^ A'=(C;g), A ^ A. 



Proposition A. 17. Given any x & O and setting H := Gx, there exists a canonical iso- 
morphism K^{0] g) -^ A^(G^) leading to a commutative diagram 



A.^{0) 



K\0-q) 



A^{G/H) 



A\G^] 



where the vertical arrow on the left denotes the map of Equation \A.2(A This isomorphism 
also leads to a canonical isomorphism between the corresponding cohomology groups, i.e. an 
isomorphism H^{0\q) -^ H^{G^;M.). In particular, H^{0;M.) can be canonically viewed as 
a subgroup of H^{0;q). 

Proof: Fundamental vector fields provide an identification TgG -^ TgG for any g & G, i.e. a 
parallelization of G. Using this parallelization we can identify the space A''[G) of all k-forms 
on G with the space of smooth maps G -^ A^iT^G). Restricting this identification gives 
identifications 

A^(G^) ^{a:G^ A^iT^G) : a{gh) = a{g), V/i G H} 
^G^{G/H,A''{TeG)) 
= C~(0,A'=(g)) 
= A\0-q). 
It is simple to check that, up to these identifications, the above diagram commutes. 
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Now choose a G A'^(C;0). Let a' denote the corresponding element of A^(G-'^). As usual 
let us denote by v the fundamental vector field generated by v. We now want to prove that 
d{a') = (da)', i.e. that, for all vq, . . . ,Vk & T^G, 

(A.21) d{a'){vQ, . . . ,Vk) =da{vo,...,Vk). 

According to Equation lA.lll we can calculate the left hand side using the usual bracket on 

X{G). However, recall from Remark I A . 1 1 1 1 hat [i'j,'yj] = —[vi,Vj]. The change of sign here is 
cancelled by the choice of signs in Equation IA.19I This proves the claim on d, thus on the 
cohomology groups. 

Clearly there also exists an identification j* : H^{0] M) ~ H^{G/H; M). We can now use 
the injection tt* : H^{G/H; M) -^ H^{G"] M) to prove the last claim. QED. 

A. 4. The group of diffeomorphisms. Let Diffc(IR^) denote the set of diffeomorphisms of 
'EP with compact support, i.e. those which coincide with the identity map Id outside of a 
compact subset of MP . Composition of maps clearly yields a group structure on Diffc(M^). 
It is possible to endow Diffc(M^) with the structure of an infinite-dimensional Lie group in 
the sense of [37]. A local model is provided by the space XciMP), endowed as in Section 
12.11 with the structure of a topological vector space. More specifically, we can apply the 
construction outlined in Remark IA.21I below to build a local chart U for Diffc(M^) near 
the identity element Id. This yields by definition an isomorphism T/dDiffc(M^) ~ Xc{MP). 
We can then use right multiplication to build charts U^ := {u o (f) : u & U} around any 
e Diffc(M^), leading to T^Diffc(M^) ^ {X o : X G Xc(R^)}. Thoughout this article we 
will generally restrict our attention to the connected component of Diffc(]R'^) containing Id. 

Remark A. 18. It may be useful to emphasize that defining charts on Diffc(M''^) as above 
leads to the following interpretation of Equation IA.8[ (pt is a smooth path on Diffc(M'^) and 
Xt o (j)f E T^^DiSciM^) is its tangent vector field. 

As usual one can define the Lie algebra to be the tangent space at Id. The Lie bracket 
[■, -jg on this space can then be defined as in Section lAl2l cf. [37] . 

Lemma A. 19. The adjoint representation of Diff^(MP) on XciMP) coincides with the push- 
forward operation: Ad^{X) = 0*(X). Furthermore, the Lie bracket on Xc(R^) induced by 
the Lie group structure on Diff^{EP) is the negative of the standard Lie bracket on vector 
fields. 

Proof: Assume that X integrates to (pt ^ Diffc(M''^). Then 

Ad^{X) = d/dt{(l) o 0, o 0-i)|t=o = V0|^-i ■ X|^-i = MX). 

As in Lemma [A. 121 we can calculate the Lie bracket by differentiating the adjoint represen- 
tation. Thus: 

[X,F]g = d/dtiAd^,Y)it=o = d/dt{(t)t.Y)\t=^ = -[X,y]. 

QED. 

Remark A. 20. Lemma IA.19I explains why the map of Remark IA.13I is an algebra anti- 
homomorphism. Indeed, any left group action defines a homomorphism G -^ Diff(M), 
thus a homomorphism between the corresponding Lie algebras. However, we now see that 
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the bracket used for X{M) in Remark lA. 131 is the negative of the bracket induced by the Lie 
group structure. Lemma [A. 191 is also related to Remark I A. Ill 

Remark A. 21. A similar construction proves that for any compact (respectively, noncompact) 
manifold M the group of diffeomorphisms Diff(M) (respectively, Diffc(M)) is an infinite- 
dimensional Lie group in the sense of [37]. Some care has to be exercised however in all 
these constructions, specifically in the definition of the local chart near Id. The naive choice 



X{M) -^ Diff(M), X 



n, 



where 0i is the time t = 1 diffeomorphism obtained by integrating X to the flow (pt, is not 
possible as it does not cover an open neighbourhood of Id, cf. [37] Warning 1.6. Instead, the 
standard trick is to notice that diffeomorphisms near Id are in a 1:1 relationship (via their 
graphs) with smooth submanifolds close to the diagonal A C M x M. These submanifolds 
can then be parametrized as follows. Assume E —>■ M is a vector bundle over M. Let Z 
denote its zero section and U denote an open neighbourhood of Z. Assume one can find 
a diffeomorphism ^ :[/—*■ M x M sending Z to A. Then diffeomorphisms of M near Id 
correspond to smooth submanifolds of E near Z, i.e. smooth sections. For example, to 
construct a chart for diffeomorphisms close to Id we would use E := TM setting ( to be the 
Riemannian exponential map (with respect to a fixed metric on M). 

Good choices of E and ( for Diff(M) can yield as a by-product the fact that specific 
subgroups G of Diff (M) also admit Lie group structures such that the natural immersion G — > 
Diff (M) is smooth. For example, to prove this fact for the subgroups of symplectomorphisms 
or Hamiltonian diffeomorphisms of a symplectic manifold (M, u) (see Section 16. ip one can 
choose E := T*M and the ( defined by Weinstein's "Lagrangian neighbourhood theorem", 
cf. ^6] Section 6 or [36j Proposition 3.34. 
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